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The paper is devoted to some extensions of the metric regularity property for mappings be-
tween metric or Banach spaces. Several new concepts are investigated in a unified manner:
uniform metric regularity, metric regularity along a subspace, metric multi-regularity for map-
pings into product spaces (when each component is perturbed independently), as well as their
Lipschitz-like counterparts. The properties are characterized in terms of certain derivative-like
constants. Regularity criteria are established based on a set-valued extension of a nonlocal
version of Lyusternik-Graves theorem due to Milyutin.
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1. Introduction

The property of metric regularity has proved to be one of the fundamental concepts
of the contemporary variational analysis, playing an extremely important role both
in theory and its numerous applications to investigating well-posedness or sensi-
tivity of generalized equations, variational inequalities, optimization problems, etc.
Being well established and recognized this concept continues its expansion into
new areas of mathematical analysis (see the recent monographs [18, 24] and survey
papers [2, 13]).

Recall that a set-valued mapping F' : X = Y between metric spaces is said to
be metrically regular near (z°,y°) € gph F' if there exist £ > 0 and § > 0 such that

d(z, F~(y)) < kd(y, F(z)),  Va € Bs(°), y € Bs(y°). (1)

Here F~! denotes the inverse mapping: F~!(y) = {u € X : F(u) > y}.

In the case of a single-valued mapping f between Banach spaces, strictly differ-
entiable at x°, the main regularity criterion is provided by the famous Lyusternik-
Graves theorem (see Corollary 2.7), which basically reduces the problem of reg-
ularity of f to that of its linear approximation V f(x°), the criterion being the
surjectivity of V f(z°) (see [8, 13]).

In the general case, some extensions of Lyusternik-Graves theorem have been
developed based on the same idea: to reduce the problem of regularity of F' to that
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of another mapping close to F in a certain sense. This idea can be traced back to the
original papers by Lyusternik and Graves (see the extensions of Lyusternik-Graves
theorem in [6, 8, 15]).

Despite its great generality, Lyusternik-Graves theorem in its standard form as
well as its traditional extensions does not cover some important cases. One of
the examples is given by systems of generalized equations [5], when conditions are
needed guaranteeing the existence of error bound type estimates when the variables
in all equations are perturbed independently.

Conditions of this type do not follow directly from the standard (local)
Lyusternik-Graves theorem. Fortunately, once again classical results happen to
be richer than they are usually cited. It was noticed by Milyutin in early seventies
(see e.g. the survey paper [6]) that the original proof of Lyusternik’s result was
applicable to the “nonlocal” metric regularity, when the estimate of type (1) held
on a prescribed set. Although well known to the variational analysis community,
the importance of this feature of Milyutin’s extension of Lyusternik-Graves theo-
rem seems to be still underestimated. At the same time this is exactly the property
needed to prove the “parametric” version of Lyusternik-Graves theorem (see The-
orem 3.3) and deduce the necessary estimates for systems of generalized equations
(see Theorem 6.1). It can also be useful for other applications (see [4]).

In this paper which continues [5] and does not intend to surprise specialists on
variational analysis, we investigate in a unified manner several metric regularity
properties for set-valued mappings:

(i) conventional local (defined by (1)) and nonlocal metric regularity (Sec-
tion 2);
(ii) wniform metric reqularity for mappings depending on a parameter (Sec-
tion 3);
(iii) metric reqularity along a subspace (Section 4);
(iv) metric multi-reqularity for mappings into product spaces (Section 5)

and formulate corresponding Lyusternik-Graves type regularity criteria.

In Section 2 we formulate and prove a set-valued extension of the extended
Lyusternik-Graves theorem due to Milyutin [6]. The proof of Theorem 2.1 follows
the original ideas of Lyusternik and Milyutin. It can be extended to cover the case
of restrictive metric reqularity [18].

Properties (ii)-(iv) generalize local metric regularity. On the other hand, the
following implications hold true:

(1) = (13) = (iti) = (iv),

meaning that each of the properties (ii)—(iv) can be treated as a particular case of
the previous one. It is important to emphasize here that uniform metric regularity
(ii) is implied by nonlocal metric regularity; a local version is not sufficient.

It is not surprising that each of the above regularity properties has the corre-
sponding Lipschitz-like (pseudo-Lipschitz) counterpart, which is used when formu-
lating the regularity criteria for a perturbed mapping. So starting with Section 2
devoted to the conventional metric regularity, we always formulate pairs of prop-
erties (regularity and Lipschitzness). The only exception is the metric multi-re-
gularity property considered in Section 5. We show in Proposition 5.4 that the
corresponding Lipschitz-like property coincides with the conventional one.

To characterize properties (i)—(iv) as well as their Lipschitz-like counterparts we
define certain derivative-like constants and establish certain relationships between
them. The regularity criteria follow as corollaries of the corresponding relationships.
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Property (iv) for mappings into product spaces corresponds to the case when
each component of the mapping is perturbed independently. This allows to define
in Section 6 metric multi-reqularity of systems of generalized equations and to
formulate some “error bound” type regularity criteria, which were formerly deduced
in [5] from the “parametric” Lyusternik-Graves theorem. The multi-regularity can
be interpreted as a stability concept permitting different reactions of “players” in
a complex optimization problem to different perturbations.

Mainly standard notations are used throughout the paper. A closed ball of radius
p centered at x in a metric space is denoted by B,(x). We write B, if = 0.
Distance is denoted by d(-, ). The same notation is used for point-to-set distances:
d(z,Q) = inf,ecq d(z,w). When considering products of metric (normed) spaces, we
always assume that they are equipped with the maximum-type distance (norm):
d((21, 1), (22, o)) = max {d(z1,22), Ay, 92)} (1(2,9)| = max {|z]] [ly][}). The
notation F' : X = Y is used for set-valued mappings (the term “set-valued” is
usually omitted) between metric spaces as opposed to single-valued functions f :
X =Y.

2. Metric regularity and Lyusternik-Graves theorem

Recall that a set-valued mapping F': X = Y between metric spaces is said to be
metrically reqular if there exists k > 0 such that

d(z, F~'(y)) < kd(y, F(z)), VzeX, yeY. (2)

This important property is usually characterized by the modulus (or norm) of
metric reqularity reg F which is defined as the infimum of all x for which (2) holds:
F' is metrically regular if and only if reg F' < oo. Another convenient tool for
characterizing metric regularity is the following (possibly infinite) derivative-like
constant:

r[F) =

LGN .

aze)l(r,lyEY [d(va_l(y))

Here [-/-]oo is the “extended” division operation, which differs from the usual one
in the additional rule [0/0]oc = +o0. This allows one not to worry about the points
(z,y) with y € F(z) when evaluating the infimum in (3).

Clearly,

1
Fl=——
r[F] g B
and the criterion of metric regularity can be written as r[F] > 0.
Another important property closely related to (2) and in a sense opposite to it,
is the so called pseudo-Lipschitz property: there exists x > 0 such that

d(y, F(z)) < kd(z,2), Vo, o' € X, Vy € F(a2'). (4)
It can be characterized by the following derivative-like constant:

dly, F(x))] _ d(y, F(x))
|, = o],

d(z, ) Xoyey Ld(x, F1(y))

zeX,yeY

UFl=  sup [ (5)

z,x'€X,yeF(z')
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which obviously coincides with the infimum of all x for which (4) holds. Here

[-/-]o stands for another “extended” division operation with the additional rule

[0/0]p = 0. Pseudo-Lipschitzness of F' is equivalent to the inequality I[F] < oo.
One can easily notice that

I[F] = sup [

z,x'€X

where h(F(z), F(x')) is the Hausdorff distance between the sets F(x) and F(z').
It follows immediately from the definition, that

For a single-valued function f : X — Y, constant (5) becomes the usual Lipschitz
modulus:

I[f] = sup
z,x'€X

d(f (), f())
—— | (6)
d(xz,z") 0
Thus, f is Lipschitz continuous if and only if [[f] < oo.
Using (3) and (5), one can formulate the following extension of the extended
Lyusternik-Graves theorem due to Milyutin [6].

Theorem 2.1: Let F': X =Y and G: X = Y be mappings from a complete
metric space into a normed linear space. Suppose that gph F' is closed in X XY
and the following condition holds true:

(C) If (xn,yn) € gph G, x, — & and y, is a fundamental (Cauchy) sequence,
then y, converges to some y € G(Z).

Then
r[F + G] > r[F] = l[G].

Obviously the conclusion of the above theorem is meaningful only if I[G] < r[F].
Then it guarantees metric regularity of the perturbed mapping F 4+ G when F' is
metrically regular and the perturbation G is sufficiently “small”. If [[G] < oo then
condition (C) is ensured, for instance, by any of the following conditions:

o ( is single-valued;
e ( is compact-valued;
e Y is complete and gph G is closed.

The proof of Theorem 2.1 presented below is a modification of the one given
in [4] for single-valued mappings and follows the original ideas of Lyusternik and
Milyutin.

Proof: If r[F] < [[G], the assertion is trivial, so we assume that r[F] > [[G]. Let
real numbers a and b satisfy r[F] > a > b > l[G]. Denote ® = F' + G. We are going
to show that r[®] > a — b.

Take arbitrary (xo,yo) € gph ® and § € Y. Denote r = ||yo — 9||. We need to find
# € ®1(¢) such that

d(zo,2) <r/(a —b).
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If r = 0, that is § = yo, one can take & = xg. From now on we assume that r # 0.
The point & will be obtained as the limit of a sequence {z,} generated by a special
iteration process.

By the definition of ® one has yy = vg + wo where vy € F(zp) and wg € G(z0).
Consider the point v; = § —wg € Y. Obviously ||v1 —vo|| = ||yo — 9|| = r. It follows
from the definition (3) that

|[v1 — vol|

Consequently, there exists z1 € F~!(v1) such that
d(zo,z1) < ||lv1 —voll/a = 7/a.

It follows from (5) that there exists wy; € G(x1) such that
|lwo — w1 < bd(zo,x1) < (b/a)r.

Now, repeating the same procedure again starting with x1,v1,w; instead of
xo, Vg, Wo, We construct a triplet xa, v9, wo satisfying

vy € F(x2), we € G(x2),
vy =9 — wi,
d(x1,72) < |lv2 —v1ll/a = [|lwo —wi||/a < (b/a)r/a,

w1 — wal| < bd(x1,z2) < (b/a)?r.
Continuing this process, we obtain a sequence of triplets x,, v,, w, such that

vp € F(xy), wy € G(zy,),

d(xm -rn—i-l) < (b/a)nr/%

(7)
Up = ?Q — Wn-1, (8)
(9)
w1 = wall < (b/a)"r. (10)

Inequalities (9) and (10) imply that {z,} and {w,} are fundamental sequences,
and since X is complete and condition (C) holds true, these sequences converge to
some & and W respectively, with w € G(&). Then (8) implies that v, — 0 = § — .
Due to (7) and the closedness of the graph of F' we have © € F(z). Consequently,
g =10+ w € ®(z). Besides, (9) implies the estimate

d(z0,2) <Y d(xn, 2nr1) < (1+ (b/a) + (b/a)* +...) (r/a) < r/(a —b).
n=0

Thus, 7[®] > a — b. Since a and b can be taken arbitrarily close to r[F] and [[G]
respectively, the proof is completed. O

Remark 1: A different approach to investigating set-valued perturbations of a
regular mapping based on another way of measuring the closeness of multifunctions
is pursued in [14, 19].
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Remark 2: Given a set V' C X x Y, similarly to [13], one can define metric
regularity and pseudo-Lipschitzness of F' on V and formulate the corresponding
generalization of Theorem 2.1. Along these lines it is possible to cover the case of
restrictive metric reqularity (see [18, Remark 1.61]).

Remark 3: Theorem 2.1 remains true if Y is a linear metric space with the
metric invariant with respect to translations.

In the rest of the paper we limit ourselves to the case when G = g is a single-va-
lued mapping.

Applying Theorem 2.1 to the sum of the set-valued mapping F' + ¢ and the
function —g, one immediately obtains an upper estimate for r[F + g|.

Corollary 2.2: Under the conditions of Theorem 2.1,
r[F] = lg] < r[F + g] < r[F] + l[g].

Remark 4: Formally Corollary 2.2 follows from Theorem 2.1 only when together
with the graph of F', the graph of F'+g is also closed, which is the case, for instance,
if g is continuous. However, if ¢ is discontinuous, then I[g] = oo, and the conclusion
of Corollary 2.2 holds true automatically.

In the rest of the section we are interested in the local properties of the mapping
F near a given point (z°,4°) € gph F' (the graph of F):

e metric regularity: there exist k > 0 and d > 0 such that
d(z, F~'(y)) < wd(y, F(z)), V€ Bs(a°), y € Bs(y°);

o pseudo-Lipschitz (Aubin’s Lipschitz-like) property: there exist x > 0 and 6 > 0
such that

d(y, F(x)) < kd(x,2'), Va,2' € Bs(x°), y € F(2') N Bs(y°).

Both properties can be considered as particular cases of the corresponding non-
local ones. If any of them holds for some x > 0 and § > 0, then the restriction of
F considered as a mapping between metric spaces Bs(z°) and Bs(y°) satisfies the
corresponding nonlocal property.

The constants (3), (5) applied to the mapping F' : Bs(xz°) = Bs(y°) take the
following form:

oo a [ FE)
T(;[F](x 4 ) N z€Bs(x°), y€Bs (y°) |:(1(x7F1_1('y)):|C><37 <11)
e =y (S "

yEF (z/)NBs(y°)

Clearly F' is metrically regular (pseudo-Lipschitz) near (z°,y°) if and only if
rs[F|(2°,y°) > 0 (I5[F](x°,y°) < 00) for some 6 > 0.

If f: X — Y is a single-valued function, then y° = f(z°), and we shall write
rs[f](z°) and I5[f](«°) instead of rs[f](z°, y°) and I5[f](z°, y°), respectively. In this
case, (12) can be rewritten as

Blf@) = sup [ (13)

z,z' €Bs(z°)
f(z')EBs(f(2°))

d(f(x), f(iU'))}
d(x, ) 0
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Alongside (13), it can be of interest to consider a slightly simplified constant:

d(f(x%f(x’))h )

G = s | AL

x,x’' €Bs(x°)

Proposition 2.3:

(i) Ls[f1(x°) <I5[f)(x°) for any & > 0;
5) lim [ °) = lim I °).
(i) Jim 1s[f](2°) = lim I5[f](=°)
Proof: The first assertion follows directly from the definitions (13), (14). It imme-
diately implies the inequality 6lir5r10 Is[f](z°) < alirfrlo I5[f](x°). Consider arbitrary

sequences {xj} and {z}} converging to x°. To prove the opposite inequality we
need to show that

: d(f(zr), f(2) _ o
hirisip d(mk,xz)k < 51—1>r-r|-10l5[f](x ). (15)

Assume that f(z},) — f(2°). Then for any 6 > 0 and all sufficiently large k one
has xy, 2}, € Bs(2°), f(z},) € Bs(f(2°)), and consequently

d(l‘k, xﬁg)

< Is[f1(2°).

This implies (15).
If f(z}) # f(z°), taking subsequences if necessary, we can assume that there
exists o > 0 such that d(f(z},), f(z°)) > a for all sufficiently large k. Then

d(f(zy,), f(z°

and (15) holds true automatically. O

Remark 5: Inequality (i) in Proposition 2.3 can be strict. Take f(x) = 2z for
x < 2and f(x) =5z — 6 for x > 2. Then I3[f](0) = (f(3) — f(1.5))/(3—1.5) =4
while 15[ f](0) = 5.

Corollary 2.2 applied to the appropriate restrictions of F', g and F + g produces
the following result.

Theorem 2.4: Let F: X =Y and g : X — Y be mappings from a complete
metric space into a normed linear space. Suppose that gph F' is closed in X XY
and (x°,y°) € gph F'. Then for any § > 0,

rs[Fl(2°,y%) = ls[g](z%) < rs[F+g](2°,y° +9(2°)) < r5[F](2°, y°) +1s[g)(«°). (16)

Remark 6: The assumption that the graph of F' is closed in Theorem 2.4 can be
obviously weakened: it is sufficient to assume that it is locally closed near (z°,y°):
if gph F' N B, (z°,y°) is closed for some dp > 0 then (16) holds for any positive
& < dp.

Remark 7: Note the “nonlocal” character of Theorem 2.4: if I5[g](z°) <
r5[F](z°,y°), then the first inequality in (16) guarantees metric regularity of F'+ g
in the neighborhood of (2°,y° + g(z°)) of the same radius . This is important for
some applications (see Theorem 3.1 below).
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The limiting versions of (11), (12), (13) (or (14); due to Proposition 2.3 (ii), (13)
and (14) produce the same limiting constant) can also be useful:

rIF)(a®, ) = lim s [F(@°, 4°),

UF) @, 5°) = lim {F)(%, ), 17)(2°) = limn L5 7))

Moreover, F' is metrically regular (pseudo-Lipschitz) near (z°,y°) if and only if
r[F](z°,y°) > 0 (I[F](x°,y°) < c0). The constants provide quantitative character-
izations of the corresponding properties.

The explicit representations of the constants follow from their definitions:

r[F](z°,y°) = Iilf”yn_f)y [M]m’ "
P y") = limsup [W]o’ -
[/](@°) = limsup [W] 0 "

Constant (17) is also known as the rate or modulus of surjection or covering
(see [13, 18]) and is often denoted sur F'(z°|y°) or cov F(z°|y°). If f : X — Y is
single-valued, we write r[f](x°) instead of r[f](z°, f(z°)).

Remark 8: If f: X — Y is continuous and r[f](z°) > 0, then Y is complete [4].

Constant (18) is exactly the Lipschitz modulus lip F(z°]y°) [24]. It coincides with
(19) in the case of a single-valued function f : X — Y. If l[g](z°) = 0 then g is
strictly stationary at z° [8, 10]. In this case, for any set-valued mapping F' the
mapping F + g is a strict first-order approzimation [12, 18] to F' (and vice versa)
at z°.

If a single-valued function f : X — Y between normed spaces is strictly differ-
entiable at x° (see [18, 24]), that is there exists a linear and continuous mapping
Vf(xz°): X =Y (the strict derivative of f at x°) such that

i J@) = f@) - V@)@ —2)
el 2" — ] ’

then I(f — Vf(2°)) = 0.

Taking § — 0 in (16) one immediately obtains the following result.

Corollary 2.5: Under the conditions of Theorem 2.4,
rlF)(2°,y°) = lgl(z°) < r[F + gl(2°,y° + g(2°)) < r[F](z° y°) + l[g](z°). (20)

The first inequality in (20) is sometimes referred to (in the Banach space setting)
as the extended Lyusternik-Graves theorem [12]. It can be viewed as an estimate of
the radius of metric reqularity of a perturbed mapping with respect to single-valued
Lipschitz continuous perturbations (see [11, 12]).

Remark 9: The conclusion of Corollary 2.5 is in general weaker than that of
Theorem 2.4: if [[g](z°) < r[F](z°,y°), then the first inequality in (20) guarantees
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metric regularity of F' + g, but does not provide any estimate of the radius of the
neighborhood of (z°,y° + g(z°)) where this property holds.

An important application of Corollary 2.5 is when [[g](z°) = 0.

Corollary 2.6: Let l[g](z°) = 0 in the conditions of Corollary 2.5. Then
r[F +9)(z°,y° + g(2%)) = r[F](«°, y°).

This means that a perturbation of a mapping by a strictly stationary function
does not affect its metric regularity. This result allows one to reduce examining
metric regularity of a complicated mapping to that of a simpler (usually linear)
one. Taking into account that for a linear and continuous mapping between Banach
spaces its metric regularity does not depend on the point and is equivalent to the
surjectivity (Banach open mapping theorem — see [1, 8, 13]), Corollary 2.6 implies
the following assertion.

Corollary 2.7: Let a function f : X — Y between Banach spaces be strictly
differentiable at x°. Then f is metrically reqular near x° if and only if V f(z°) is

surjective, and indeed r[f](z°) = r[V f(2°)](0) = [|(Vf(z°)*) ||~ .

Sometimes Corollary 2.7 is referred to as Lyusternik-Graves theorem (see [11]),
as its sufficient part actually recaptures the classical version of the famous theorem.

Based on Corollary 2.6 it is possible to consider a more general case of “partial
strict linearization” for the sum f + F of a strictly differentiable function f and an
arbitrary set-valued mapping F' with closed graph (see [12]). It is also possible to
consider mappings, which admit nonlinear (in particular, positively homogenous)
approximations.

3. Uniform metric regularity

The statement of Corollary 2.6 (as well as Corollary 2.7) can be extended to the
important for applications case of mappings depending on a parameter, the main
tool being the same Theorem 2.4.

Consider a mapping F' : P x X = Y, where X and Y are metric spaces and P
is a topological space. Denote F,, = F(p,-) : X =Y. Let (p°,2°,9°) € gph F.

In this section we examine the following local properties of F' near (p°, x°,y°):

o uniform metric reqularity: there exist x > 0 and § > 0 such that
d(z, Fy ' (y) < wd(y, F(p, ), Vo € Bs(z®), y € Bs(y°), p € Bs(p°).

o uniform pseudo-Lipschitz (Aubin’s Lipschitz-like) property: there exist k > 0
and § > 0 such that

d(y,F(p,z)) < rd(z,2'),  Va,a’ € Bs(2°), y € F(p,2") N Bs(y°), p € Bs(p°).

These properties generalize the corresponding ones considered in Section 2 and
can be characterized by the following analogs of (11), (12) depending on some
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positive §:
o, .0 .0 . d ,F P,
P13 2%, 4°) = inf o=t
2€Bs(2°),y€B5(y°),p€Bs (0°) | d(x, Fpy *(y)) ] o
d(y, F'(p :v))]
Is[Fl(p°; x°,y°) = su . ; 22
R N T L v | (22)
yEF(p,2’)NBs(y°)
and their limiting counterparts:
dly, F
ANt ) = it |GEEEI
sz vyt o [ d(e, By () ] o
. d(y, F(p, v))
[[F](p°;2°,y°) = lim sup [/ .
g L AeE) o

The relationships between (11), (12) and (21), (22) respectively, are straightfor-
ward:

rs[Fl(p%2°,y°) = inf rs[Fpl(z°,y°), (23)
pEBs(p°)

I5[F](p°;2°,y°) = sup Is[Fp](z°,y°).
pEBs(p°)

If f: Px X —Y is single-valued we write rs[f](p°; z°), ls[f](p°; z°), r[f](p°; z°)
and [[f](p°; x°). In this case,

0. o d(f(p,z), f(p, x’))]
l jx0) = su , 24
O N N v 24)
f(p,z')eBs(f(p°,x°))
: d(f(p,z), f(p.2'))
1f](p°;z°) = limsup [ . 25
[FI( ) s P d(x, ) . (25)
Instead of (24), in many cases, it is possible to use a simplified constant
o o d 71. 9 737/
e R N L
z,x' €B;s(x°), pEBs(p°) (.%',:L’ ) 0
Obviously,
s[f1(p%2°) = sup Is[fpl(z°), (26)
PEB;s(p°)
[f(p%5a®) = sup Is[fp)(a°).
PEB;s(p°)

The condition {[f](p°; 2°) < oo (or I§[f](p°; x°) < oo for some § > 0) means that
f is locally uniformly Lipschitz [7, 9] (equi-Lipschitz [3]) in x at (p°, x°).

When X and Y are normed spaces, a function f : P x X — Y is said to be
partially strictly differentiable in x [20] (see [3]) at (p°,z°), if there exists a linear
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and continuous mapping V, f(p°,z°) : X — Y such that

lim f(p7 .’E/) — f(pvx) — v$f<po’xo)($/ — 1‘)

z,x/ —2°, p—p® HI'/ — .fL'H
o/ #x

=0.

Clearly this is a direct generalization of the notion of strict differentiability which
corresponds to the case when f does not depend on p. The above condition is equiv-
alent to the equality I[f — V4, f(p°, 2°)](p°; 2°) = 0, which means that V,f(p°, z°)
strictly approzimates f in x at (p°, 2°) (see [23] where the term “strongly” is used).
Note also that this property is stronger than the strict differentiability of the func-
tion z — f(p°,x) at z°.

Theorem 2.4 and conditions (23), (26) lead to the following assertion.

Theorem 3.1: Let F: PxX =Y andg: Px X — Y, where X is a complete
metric space, Y is a normed space, and P is a topological space. Suppose that gph F
is closed in P x X xY and (p°,z°,y°) € gph F.. Then for any § > 0,

lrs[F + g](p°2°,9° 4 g(x°)) — rs[F](p°; 2°,y°)| < Is[g](p°; 2°).

The limiting statements follow immediately.

Corollary 3.2: Under the conditions of Theorem 3.1
r[E 4+ g)(p% 2% 4" + g(2°)) = r[F)(0% 2%, y°)] < U[g](p%; 2°).
Corollary 3.3:  Let l[g](p°; 2°) = 0 in the conditions of Corollary 3.2. Then
rlF +gl(p% 2% y° + g(p°,2°)) = r[F](p% 2% 9°).

Remark 1: Corollaries 3.2 and 3.3 cannot be deduced from the corresponding
“local” Corollaries 2.5 and 2.6. One needs the full “nonlocal” Theorem 2.4.

Corollary 3.2 clearly implies the parametric version of Corollary 2.7. The next
statement considers a slightly more general case. With the help of Corollary 3.3
one can reduce examining metric regularity of the sum f 4+ F' of a partially strictly
differentiable in x at (p°, x°) function f: P x X — Y and an arbitrary set-valued
mapping F' : X = Y with closed graph to that of its partial strict linearization
h— Vf(p°,z°)h+ F(z° + h).

Corollary 3.4: Let F: X = Y and f : Px X — Y, where X is a Banach
space, Y is a normed space, and P is a topological space. Suppose that gph F' is

closed in X XY, (z°,y°) € gph F' and f is partially strictly differentiable in x at
(p°,z°). Then

rlf + FI(p% 2%, 9° + f(p°,2°)) = [V f(p°,2°) + F](0,5°),

where F(h) = F(a°+ h), he X.

Remark 2: Corollary 3.4 follows from Corollary 3.3 due to the fact that the linear
function h — V, f(p°, x°)h strictly approximates f in x at (p°, z°). Obviously one
can formulate a more general assertion: the function f does not have to be partially
strictly differentiable; it is sufficient to assume that it can be strictly approximated
in z at (p°,x°) by another function g. This allows to recover the main statement
of [9, Theorem 4.1] which is a generalization of the Robinson’s landmark result in
[22].



December 19, 2008

10:39 Optimization EMR-final

12 Andret V. Dmitruk and Alexander Y. Kruger

If in the conditions of Corollary 3.4 the mapping F' is convex (gph F' is convex in
X xY), then V, f(p°, °)+ F is convex too, and the regularity criterion is provided
by Robinson-Ursescu theorem (see [1, 11, 18]):

~

y° € int [Vof(p°,2°) + F](X)

(cf. [9, Theorem 3.3]).

The next assertion addresses a particular case, when F(x) = @, if x € C and
F(z) = 0 otherwise, where @ is a closed convex cone in Y and C'is a closed convex
subset in X.

Corollary 3.5: Let X and Y be Banach spaces and P — a topological space;
let @ be a closed conver cone in'Y and C — a closed convexr subset in X; let a
function f 1 P x X — Y be partially strictly differentiable in x at (p°,z°) and
x° € C, —f(p°,x°) € Q. Consider the mapping ®(p,z) = f(p,x) +Q, if v € C,
and ®(p,z) = 0 otherwise. Then ® is uniformly metrically regular near (p°,0,z°)
with respect to (x,y) if and only if

0 € int {f(p°,2°) + Vaf(0°, 2°)(C — 2°) + Q). (27)

This is essentially Robinson theorem [21] (see also [3]). The role of the cone @ is
to represent inequality and equality constrains in optimization problems. Condition
(27) reduces to the surjectivity of V,f(p°,2°) when C' = X and @ = {0}, that is
there are equality constraints only.

4. Metric regularity along a subspace

Let F': X = Y be a mapping between normed linear spaces and let H be a (closed)
subspace of X.

In this section we examine the following local properties of F' near (z°,y°) €
gph F:

o metric reqularity along H: there exist k > 0 and d > 0 such that

Jnf {1k sz +he F~'y)} < kd(y, F(z)), V€ Bs(a®), y € Bs(y°).

o pseudo-Lipschitz (Aubin’s Lipschitz-like) property along H: there exist k > 0
and § > 0 such that

d(y, F(x)) < &|h, Vz € Bs(z°), h€ HN Bs, y € F(x+ h) N Bs(y°).

Obviously, if H = X then these properties coincide with traditional respectively
metric regularity and pseudo-Lipschitzness of F' near (z°,y°).

In the definition of metric regularity along H, it is convenient to use the concept
of distance along H defined for x € X and M C X as

dirw, M) = inf {||h]: @+ he M} =d(0,(M —) N H).

Of course, it is not a real distance on X. For instance, dg(x1,x2) = oo if 21 —x9 &
H. In general, dg(z1,2z2) > d(x1,x2) for any z1,z2 € X, and the equality holds
when H = X.
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The above concepts can be characterized by the following constants:

o oy : d(y, F'())
rslFl@ ) = e ) [dH(azF ‘1(y))]oo’ (28)

yEF (z+h)NBs(y°)

.. d 7FLU
ru[Fl(z°,y°) = xllflgnfy [M]w,
)’

lp[F)(z°,y°) =  limsup [ T

r—x°, hﬂo, y—y©°
yEF (z+h)

which reduce to (11), (12), (17), (18) when H = X. The notation h 2 0/in the last
formula means that h € H approaches 0 € H.
Evidently,

TH,(S[F](:UovyO) < T5[F](mo’yo)a lH,é[F](xoayo) < l5[F]($ano),
ralFl(«°,y°) < r[Fl(2%y°),  1a[F](z°y°) <I[F](z°y°),

and metric regularity of F' along some subspace implies its standard metric reg-
ularity, while standard pseudo-Lipschitz property F' implies its pseudo-Lipschitz
property along any subspace.

We write rg 5[ f](«°), las[f](x°), ra[f](2°) and [g[f](«°) if f: X — Y is single-
valued. The last constant can be expressed equivalently as

d(f(z + h), f(z))
7] '

lg[f](z°) = limsup (31)

H
r—x° h—0

If I [f](x°) < oo we say, that f is Lipschitz continuous along H near x°.
Similarly we say, that f is strictly differentiable along H at x°, if there exists a
linear and continuous mapping Vg f(z°) : H — Y such that

fla+h) = f) = Vuf@h _
I |

lim

H
r—x° h—0

The last equality is equivalent to the condition lg[f — Vg f(2°)](z°) = 0.

Standard Lipschitz continuity or strict differentiability imply the corresponding
properties along any subspace.

All the defined above “along a subspace” properties as well as the corresponding
constants can be treated in the framework of the “parametric” properties consid-
ered in Section 3.

For the mapping F' : X = Y, define another mapping ® : X x H = Y by the
formula

®(z,h) =F(x+h), z€X, he H. (32)

Then, for this mapping, X can be viewed as a parameter space and the definitions
and results of the preceding section can be reformulated for this particular case,
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the point h° = 0 being of special interest. The next Proposition shows that uni-
form metric regularity (uniform pseudo-Lipschitz property) of ® near (z°,0,y°) is
exactly metric regularity (pseudo-Lipschitz property) of F' near (z°,y°) along H.

Proposition 4.1:  Let the mapping ® : X x H = Y be defined by (32) and let
0 >0. Then

(1) rHs[Fl(2°,y°) = 7

> 75[®](2%50,4°) = rh,25[F(2°,9°);
(i) L s[F)(2°,y°) < 15[P]
]

(z° Y
(fﬂ )<lH25[ J(z°,y°);
(iii) ru[F)(x ,y) r[®](2°; )

(i) 1y [F](z°,y°) = U[®](x° 0 v )
Proof: Taking into account (32) and the obvious relations F'(x) = ®(z,0) and

e l(y) = (F ' y) —x)nH,  dh, 2. (y)) = dule+h F(y)),

the first inequalities in (i) and (ii) follow from the definitions (21), (22), (28), and
(29):

rs[®](z°;0,9°) < inf
5[ ]( y ) z€Bs(z°), yEBs(y°)

d ,(I) .%'70 o o
|:<y(_1)>:| = TH,J[F](m 'Y )a
d(y, ®(z,0
xffgé;?),mh;ﬁ:f)a HhH

} — Lg[F)(a,5°).
0

On the other hand,

Tg[q)]($o; O’yO) _ d(y7 F(I‘ + h)) :| > TH725[F](.%'O, yO)7

inf
xEBg(xo),ylent(yO),heBg [dH(x +h, F~Y(y)) ] o

[d(y,F(aH— I8))

I5[®](2°%;0,y°) = sup [h— 1| :| < leQfS[F](wo’yo)’
0

z€Bg(z°), h,h/€Bg
yEF(z+h)NBs(y°)

because x + h € Bas(z°) in the first of the above relations, and x + h' € Bas(z°)
and ||[h — B/|| < 2§ in the second one. This proves the remaining inequalities in (i)
and (ii).

The equalities (iii) and (iv) are corollaries of (i) and (ii). O

Similarly, in the case of a single-valued function f : X — Y, its Lipschitz con-
tinuity near z° and strict differentiability at z° along H coincide with uniform
Lipschitz continuity and partial strict differentiability in h at (z°,0) of the func-
tion ¢ : X x H — Y, given by ¢(x,h) = f(x+h), h € H, x € X, and the constant
(25) reduces to (31).

Application of Theorem 3.1 to the setting adopted in this section yields the
following statement.

Theorem 4.2: Let FF: X =Y andg: X — Y, where X is a Banach space and
Y is a normed space. Suppose that gph F is closed in X xY and (z°,y°) € gph F.
Then for any subspace H C X and any § > 0,

Iras[F + gl(2°,y° + g(2°)) — rus[Fl(2°,y°)| < luslgl(2°).

A collection of corollaries follows as usually.
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Corollary 4.3: Under the conditions of Theorem 4.2
rulF + gl(2%,y° + g(2°)) = ru[F](z°,y°)| < lulg](z°).
Corollary 4.4: Let ly[g](x°) = 0 in the conditions of Corollary 4.3. Then
ralF +9l(2°,y° + gu(2°)) = ru[F](z°, y°).

The next result is a realization of Corollary 3.4.

Theorem 4.5: Let f: X —Y and F: H =Y, where X is a Banach space, Y
is a normed linear space, and H is a subspace of X. Suppose that gph F' is closed
in HxY, (0,y°) € gph F', and f is strictly differentiable along the subspace H at
x°. Then

g+ Fl(2%0,9° + f(2%) = r[Va f(z°) + F(0,4°), (33)

where ¢p(x,h) = f(x+h), he H, x € X.

Remark 1: Note that in the left hand side of (33) the function of two variables
¢ replaces the initial function f, and the “parametric” regularity constant is used,
not the constant introduced in this section. This is because the sum f + F' is not
defined on the whole of X.

A special case of Theorem 4.5 can be of interest for applications: when F' is a
constant mapping, that is F'(h) = @ for all h € H, where @ is a closed subset (not
necessarily a cone) of Y. In this case, the mapping ¢ + F : X x H = Y actually
depends on the sum of its variables:

(p+ F)(x,h)=(f+Q)(x+h), heH velX

¢

This makes it possible to replace the “parametric” regularity constant in the left
hand side of (33) with the one defined by (30).

Corollary 4.6: Let f: X — Y be a function from a Banach space into a normed
linear space and @ be a closed subset of Y. Suppose that f is strictly differentiable
along a subspace H C X at x° and y° € Q. Then

rulf + QI y° + f(2°) = r[Vu f(2°) + QJ0,4°).

Corollary 4.7: Suppose that in the conditions of Corollary 4.6, Y is a Banach
space, Q is convex, and —f(x°) € Q. Then f + Q is metrically reqular along H
near (z°,0) if and only if

0€int{f(z°) +Vuf(z®)X +Q}.

5. Metric regularity for mappings into product spaces

Let F: X = Y be a mapping between a normed linear space X and the Cartesian
product of n > 1 normed linear spaces Y = Y7 X Y5 X ... X Y,,. Suppose that F' can
be represented as F' = (Fy, Fy, ..., F,), where each F; is a mapping from X into
Y;. This means that for any x € X its image F'(z) under F' is the product of the
images: F'(z) = Fi(z) x Fy(x) x ... x F,(x). If F is single-valued this assumption
is fulfilled automatically.
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Let y° = (y7,95,---, ) € F(z°).

Besides considering metric regularity and pseudo-Lipschitz properties of F', one
can also examine these properties componentwise.

As it follows from the next proposition, the pseudo-Lipschitz property of F' is
equivalent to all its components enjoying the same property.

Proposition 5.1:
(i) LIF)(a®, %) = max LIE](a°,47) for any 5 > 0;
(ii) UF)(2°,y°) = max I[F)(z°,57)-

Proof: The first assertion follows from (12) and the definition of the norm in the
product space:

max d(y;, Fi(z))

1<i<n
Is|F(z°,y°) = su ==
[ ]( 7y ) m,z’eBE)(mo) d(m,:c’)
yi €F(z')NBg(ye) 0
i=1,2,...,n
d(yi, Fi(x))
= —| = Is[Ei) (2%, y7).
e e, [T - e mie
yiEFi(J’)ﬁBs(yf)
The second assertion is a corollary of the first one. O

Under some mild assumptions metric regularity of F' implies metric regularity of
all it components.

Proposition 5.2:

(i) If F(x) N Bs(y°) # 0 for some 6 > 0 and all x € Bs(xz°), then

° %) < : X ° ,0).
rs[F](z°,y°) < @lgnra[ﬂ](x JY5);

(i1) If F(x) N Bs(y°) # 0 for all sufficiently small 6 > 0 and all x € Bs(x°),
then

o] (] < : A o O .
F)a, ") < min 7[R, 57)

Proof: Let the assumptions of (i) be fulfilled with a certain § > 0. Take any 1
and any z € B;(2°) and y; € Bs(y;). For all j # i take some y; € Fj(x) N Bs(y;)
and compose y = (41,92, -, yn). Then y € By(y®), d(y, F(x)) = d(yi, Fi(x)) and
d(z, F~\(y)) = d(x, F; *(y:)). By the definition (11),

d(y, F(z)) } _ [ d(yi, Fi(x)) ] ‘

rs[F](z°,y°) < [d(%Fl(y)) d(z, F; (y:))

Taking infimum over z € Bs(x°) and y; € B;s(y;) in the right hand side of the last
relation, we have r5[F|(z°,y°) < rs[F;](x°,y). Since this inequality is valid for any
i, assertion (i) holds true. The second assertion is a corollary of the first one. O

The reverse of Proposition 5.2 does not hold.

Example 5.3 Consider f = (fi,f2) : R? — R? with fi(z1,22) = 21 + 29,
fa(x1, 2) = 221 +2x2. Evidently, r[f1](0,0) = 1, r[f2](0,0) = 2 while [f](0,0) = 0.
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There is another way of dealing with mappings into product spaces. The follow-
ing local regularity property of F' near (z°,y°) € gph F, taking into account the
behaviour of its components, can be of interest:

o metric multi-reqularity: there exist k > 0 and § > 0 such that

n

d(o0, ﬂ(Fifl(yi) — ;) < Kk max d(y;, Fi(w;)),

. 1<i<n
i=1

Vr; € Bé(xo)v Yi € B5(y§)v i=1,2,...,n.

Obviously, when n = 1 the above property coincides with the traditional one de-
scribed in Section 2. When n > 1 the components F; describe different constraints
(groups of constraints). The above condition allows for independent perturbations
of these constraints (both the right-hand sides and variables) and guarantees the
existence of a joint “stabilizing” action and provides an “error bound” type esti-
mate.

An interpretation of the metric multi-regularity property can be made in terms
of the following consistence problem:

z€ fii(01), z€fy(0),

where ©1 and ©4 correspond to two different loads applied independently to a me-
chanical structure and are subject to perturbations. The reactions of the structure
to these perturbations are also independent. A stable design is needed with respect
to both loads. Defining Fi(x) = fi(z) — O1, Fa(x) = fa(z) — O2, one can interpret
the desired stability property in terms of metric multi-regularity.

Unlike the preceding sections, here we formulate only the regularity property.
As one can see from Proposition 5.4 below, its Lipschitz-like counterpart coincides
with the conventional pseudo-Lipschitzness considered in Section 2.

The following constants are convenient for characterizing the above regularity

property:

max d(y;, F;(z;))

1<i<n

slF %Y%) = B Oi)nf‘ B5(49) ~ 7 (39
BTN I (0 Dl(FZ-_l(yi) — ;)
o o ax d(ys, Fy(zi))
P[F)(2°y°) = liminf |—= (35)
SLLE LA, N (ET () — )
i=1 00
The constants (11), (17) correspond to taking x; = x2 = ... = x, in the right

hand sides of the above formulas. Thus, in general
Fs[Fl(2°,y%) < rs[Fl(2z°,y°),  PF](2%y°) < r[F](«°,5°).

Consequently, considered in this section metric multi-regularity is in general
stronger than the corresponding conventional property from Section 2.
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The “Lipschitz-like” counterparts of (34) and (35) can be written as follows:

[ max d(y;, Fi(x;)) |
~ o o 1<i<n
BIF)y?) = sup = (36)
hEX, w;,x;+h€EBg(x°) HhH
Y; €F; (2;+h)NBs(y2) 40
i=1,2,..., n
r E(a )]
. o o . 1?%)§Ld(yl’ (@)
IF)z°,y) = limsup
’Lﬂo,wi"wovyi*’y? ||h||
Y €F; (z;+h),i=1,2,....n | 40

They coincide with the corresponding constants from Section 2.
Proposition 5.4:

(i) I5[F)(2°, 4°) = I5[F)(2®,y°) for any & > 0;

(i) U[F)(x° y°) = l[F](z°,9°).
Proof: The inequality

~

Is[F](x°,y%) = Ls[F](2°, y°)
is straightforward. On the other hand, by the definition (12),
d(y, F(x)) < Is[F](=°,y°)[|A]

for any € Bs(x°), h € Bs such that x+h € Bs(2°), and any y € F(x+h)NBs(y°).
Then by the definition of distance in product spaces, for any i,

d(ys, Fi(:)) < Is[F] (2%, y°) [ A

for any z; € Bs(z°), h € Bs such that x; + h € Bs(z°), and any y; € F;(z; + h) N
Bs(yy), and consequently,

. ) . < © ,0
max d(yi, Fi(x:) < 1s[F)(a®, 7).

By the definition (36), the last inequality implies Zg[F](ZCO, y°) < Is[F](x°,y°). This
proves the first assertion. The second assertion is a corollary of the first one. O

As usual we write 75[f](z°) and 7[f](x°) if f: X — Y is single-valued.

The properties considered in this section can be treated in the framework of the
“along a subspace” properties examined in Section 4. Namely, let Z = X" and
z = (x1,T2,...,2,) € Z. One can consider the mapping ® : Z = Y defined by

‘1>(Z) = Fl(l'l) X F2($2) X ... X Fn($n) (37)
Note that each “component” of ® in the above formula depends on its own argu-
ment, and (2°,y°) € gph ®, where z° = (z°,2°,...,2°).

In the space Z, consider the diagonal subspace

H={(z1,22,...,2,) € X" z1 =22 =... =2y} (38)
Evidently, ®(z) = F(z) if z = (z,z,...,z) € H.

The next Proposition shows that metric regularity (pseudo-Lipschitz property)

of ® near (z°y°) along H is exactly metric multi-regularity (pseudo-Lipschitz
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property) of F' near (z°, y°). Another interesting feature of ®, which follows from
part (v) of the next Proposition, is that pseudo-Lipschitz property of ® is equivalent
to its pseudo-Lipschitz property along H.

Proposition 5.5: Let the mapping ® : Z =Y be defined by (37) and let § > 0.
Then

(i) 75[F](2°,y°) = rus[®](2°,y°);

(i) ls/2[F)(2°,9°) < lus[®)(2°,y°) < las[F](2°,9°);
(ii1) ls[F](z°, )—lé[ (2, O);

(iv) PIF](x° O)—TH[] % y°);

(v) Z[F](xo,yo):lH[ J(2°,9°) = l[®](z°, y°).

Proof: It follows immediately from the definition (37) that, for any z =
(x1,22,...,2n) € Z,y = (y1,Y2,--.,Yn) €Y, one has

d(y, ®(2)) = lrgggld(yz,ﬂ(:ci)),

q)_l(y) ={(z1,22,...,2y) € Z :x; € Ffl(yi), i=1,2,...,n},

dH(Z7 (I)_l(y)) = d(O, m(Ffl(yl) - $1))

Comparing the definitions (28) and (34) proves the first assertion.

The second assertion follows from comparing (29) and (36) due to the elementary
estimates: ||h|| < & if x;, 2, +h € Bsjo(2°) and x; + h € Bas(x°) if 2; € Bs(x°) and
Ip]| < 6.

To prove (iii) we first use the definitions (12) and (37) and denotations z =
(-rluva'- . 7xn)7 7 = (1'/1,37/2,. s n) Yy = (3/1:1/27~~- 7yn):

max d(y;, Fi(z;))

1<i<n

Is[®](2°,4°) = su
6[ ]( Y ) z)z,EBE)(ZO) d(z,z’)
YyEF(2/)NBs(y°) 0

= max sup
1<i<n 2,2/ €Bg(2°)
y; €F; (2])NBs(y°)

d(yi, Fi(%))}
d(z,2) |y’

The maximum in the right hand side of the above formula is achieved at some
index 7. For this index, when considering z and 2’ in the supremum, it is natural to
take z; =z} if j # i. Thus, this supremum equals [5[Fj](2°,y;), and the assertion
follows from Proposition 5.1.

The equalities (iv) and (v) are corollaries of (i)—(iii) and Proposition 5.4. O

Another important property inherited by & from F' is strict differentiability.
Consider a single-valued mapping f = (f1, f2,..., fn) from X into Y = Y7 x Y5 x
. X Y, and define another mapping ¢ from Z = X" into Y by

¢(2) = (fi(z1), fa(z2), - -, ful@n)), (39)

where z = (x1,22,...,2,) € Z.

Proposition 5.6: The following conditions are equivalent:
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(i) f is strictly differentiable at x° with the derivative
V(%) = (V%) Vfa(a®), ..., Va(2));
(ii) ¢ is strictly differentiable at z° with the derivative V¢(z°) given by
Vo(2°)z = (Vfi(a%)z1, V fa(a®)22, ..., V fu(2)n). (40)
Proof: Let (i) holds. Consider a linear and continuous mapping V¢(z°) on Z

defined by (40). Then for any z = (z1,z2,...,%y), 2’ = (2}, 24, ..., 2l) € Z, 2 # 2/
one has

l6(z") = ¢(2) = Vo(2°) (2" - 2|

(B
) — file) — VG @ )]
i<i<n |z — z||
< v [ = fiw) = Via)at =2l
1<i<n ||z} — | 0

Consequently, ¢ is strictly differentiable at z° with the derivative V(z°).

Let ¢ be strictly differentiable at z°. Then, each its component ¢; is also strictly
differentiable at 2°, that is there exists a linear and continuous mapping l; : Z — Y;
such that

i @) = ¢iz) — Lz~ 2)

ety Iz — z||
2tz

=0.

Taking into account that [; must have a representation [;(z) = l;1(x1) + lia(z2) +
..+ lin(xy), where for each j =1,2,...,n, l;; is a linear and continuous mapping
from X into Y; and z = (z1,29,...,2,), and ¢;(z) = fi(z;), the last equality
implies that l;; = 0 if j # ¢ and f; is strictly differentiable at x° with /;; being its
strict derivative. Thus, l;(z) = V f;(2°)x;. Consequently, the strict derivative of ¢
can be represented as (40). O

Application of Theorem 4.2 to the setting adopted in this section yields the
following statement.

Theorem 5.7: Let F: X =Y andg: X — Y, where X is a Banach space and
Y =Y x Yy x ... xY, is the Cartesian product of n > 1 normed linear spaces.
Suppose that F = (F1, Fy, ..., F,), where each F; is a mapping from X into Y; with
closed graph. Let (z°,y°) € gph F'. Then

75l + g](2°, y° 4+ 9(2°)) = 76[F)(2°, y°)] < las[g](2°).
Corollary 5.8: Under the conditions of Theorem 5.7
P[4+ g](2% y° 4+ 9(2°)) = P[F] (2%, y°)| < I[g](2®).
Corollary 5.9: Let l[g](z°) = 0 in the conditions of Corollary 5.8. Then
PIE 4 g](2%y° + g(2%)) = P[F] (2%, y°).

The next “regularity statement” follows from Theorem 4.5.
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Theorem 5.10: Let f: X — Y and F : X = Y, where X is a Banach space
and Y is the Cartesian product of n > 1 normed spaces. Suppose that gph F' is
closed in X XY, (0,y°) € gph F and f is strictly differentiable at x°. Let Z = X",
2° = (x°,2°,...,2°) € Z and let the subspace H C Z be defined by (38). Define
the mappings '+ H =Y GSF($,1‘,...,$):F($), re€X,andd: ZxH—Y as

d(z,h) =d(z+h), h € H, z € Z, where ¢ is defined by (39). Then
r[2% ¢+ FJ(0,4° + f(2°)) = r[V f(2°) + F)(0,5°).

Proof: The only thing which needs to be checked in this theorem is the equality
r[Vud(z°) + F](0g,y°) = r[Vf(x°) + F](0,y°). It follows from the definitions and
Proposition 5.6. U

Corollary 5.11: Let f : X — Y be a function from a Banach space into the
Cartesian product of n > 1 normed spaces Y = Y7 X Yo X ... X Y, and Q be
a closed subset of Y. Suppose that f is strictly differentiable at z°, y° € Q and
Q=01 XQ2X...xQpwithQ; CY;,1=1,2,...,n. Then

P+ QI%, Y% + f(2°)) = r[Vf(2®) + Q(0,4°).

Corollary 5.12:  Suppose that in the conditions of Corollary 5.11,Y is a Banach
space, Q is convex, and —f(z°) € Q. Then f + Q is metrically multi-regular near

(z°,0) if and only if

0 € int {f(2°) + VF(2°)X + Q}. (41)

6. Systems of generalized equations

The regularity results of the last section for mappings into product spaces are
applicable to solvability of systems of generalized equations.

If f=(fi.fo,..., fo) and Q@ = Q1 X Q2 X ... X Qp, where f; : X — Y], Q; CYj,
i=1,2,...,n, then the inclusion —f(z°) € @ in Corollary 5.12 means that z° is a
solution of the system

filu)+Qi20, i=1,2,...,n. (42)

In the case Q; = {0} the corresponding inclusion reduces to a usual equation. If
Q; is a cone (of positive elements) in Y; then the corresponding inclusion can be
treated as an inequality.

Let x° be a solution of system (42). We say that (42) is metrically multi-regular
at x° if there exist £ > 0 and & > 0 such that for any z; € Bs(z°) and y; € Bs,
1 =1,2,...,n, there exists x € X such that

< R Oy Y
ol < o dly, — i) Q) (44

The metric multi-regularity property guarantees the existence of a solution of the
perturbed system (43) and provides the estimate (44) of the norm of the solution
which can be interpreted as an error bound. Note that both the right-hand sides and
variables are perturbed in (43) and the variables in different generalized equations
are perturbed independently.
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One can easily check that metric multi-regularity of (42) at z° as it is defined
above is nothing else but metric multi-regularity near (z° y°) (with y° = 0)
of the mapping F : X = Y defined by F(z) = f(z) + Q, where f(z) =
(fi(@), fa(x), ..o, fu(z)) and Q@ = Q1 X Q2 X ... X Qp.

The realization of Corollary 5.12 produces the following theorem from [5]:

Theorem 6.1: Let ° € X be a solution of system (42), where the functions
fi + X = Y; between Banach spaces are strictly differentiable at x° and the sets
Q; CY; are closed and convex. Then system (42) is metrically multi-reqular at x°
if and only if (41) holds true.

The next proposition from [5] gives an estimate for the solution of the system of
perturbed generalized equations, in which only the variables are perturbed, not the
right-hand sides of the equations. Here, the variable in each equation is perturbed
not relative to the solution of the whole system, but relative to any sufficiently
close to it solution of this particular equation.

Proposition 6.2: Let 2° € X be a solution of system (42). Suppose that, in
the neighborhood of x°, the functions f; are Lipschitz continuous for i € I(x°) =
{ie{l,2,...,n}: —fi(z°) € bdQ;} and continuous for i & I(z°). If system (42)
is metrically multi-reqular at x° then there exist constants L > 0 and § > 0 such
that for any x; € Bs(x°) satisfying the individual inclusions

and any variations u; € Bs, 1=1,2,...,n, one can find x € X such that

filwi+u;+2)+Q; 20, i=1,2,...,n,

ol < L max [luf -
i€l(x°)

It follows from Theorem 6.1 that in the case when all the spaces are Banach and
the functions are strictly differentiable, the regularity condition (41) is sufficient
for the conclusions of Proposition 6.2.

There exists a close relationship between metric multi-regularity of system (42)
and strong regularity of collections of sets considered in [16, 17] in the case when
the sets are given in the form (45); see [5] for details.
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