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Introduction

The article considers different stationarity and regularity concepts for ex-
tended real-valued functions on metric spaces.

All the properties can be characterized in terms of certain local constants.
A function is said to be stationary at a point (in some sense) if the corre-
sponding constant is zero (a critical point). Otherwise the function is said
to be regular at this point (in the same sense) and the constant provides a
quantitative estimate of regularity.

Traditionally the stationary behavior of a function at a point (stationary
point) means that it is arbitrarily close to a constant near this point, that is
the rate of change of the function is infinitely small compared to the increment
of the variable. Of course, this is equivalent to the derivative being equal to
zero (dual characterization of stationarity). The classical examples of the
stationary behavior of a function, found in the textbooks, are given by the
functions y = x2, y = −x2, and y = x3. These three examples characterize
the three possible types of the stationary behavior in the differentiable case.

Stationarity arises naturally in optimization theory: a point of minimum
or maximum is necessarily a stationary point. At the same time it is easy
to see that weaker stationarity concepts are applicable to optimization prob-
lems. For instance, when dealing with minimizing a real-valued function, only
its decrement must be infinitely small at a stationary point, and the function
itself does not need to be arbitrarily close to a constant or even differentiable
at the point. Of course, if it is differentiable, one has the same classical sta-
tionarity concept. In the nondifferentiable case more types of the stationary
behavior are possible. The examples are: y = |x| and y = max(x,−x2) (both
functions are considered near the point x = 0.) One can speak about inf-
stationarity (the term suggested by Vladimir F. Demianov.) From the point
of view of maximization a concept of sup-stationarity can be considered in
a similar way. Thus in the nondifferentiable case the stationarity splits into
two “semi-stationarity” concepts.



Another pair of stationarity concepts can be of interest in optimization
theory: the point itself may not be stationary (inf or sup), but in any its
neighborhood there exists another point, in which the behavior of the func-
tion is arbitrarily close to stationary (a “fuzzy” condition). We will speak
about weak stationarity (inf or sup). The exact definitions will be given
below.

An examples of this type of stationary behavior is given by the function
y = x sin(1/x) if x 6= 0, and y = 0 if x = 0. One can easily see that this
function is differentiable on R\{0} and there exists a sequence {xk} such that
xk → 0 and xk is a point of local minimum, k = 1, 2, . . .. Another example:
y = x + x2 sin(1/x) if x 6= 0, and y = 0 if x = 0. This function is everywhere
differentiable, y′(0) = 1 and there exists a sequence {xk} such that xk → 0
and y′(xk) = 0, k = 1, 2, . . ..

Stationarity concepts can also be defined in terms of dual space elements
(subdifferentials). The relations between primal and dual definitions provide
dual characterizations of (primal space concepts of) stationarity.

The article contains no proofs. More detailed description of the station-
arity and regularity concepts for real-valued functions can be found in [11].

Mostly standard notations are used throughout the article. X denotes a
metric space with the distance d. Bρ(x) stands for a closed ball with center
x and radius ρ.

Definitions

Inf-θ-stationarity and Inf-θ-regularity

Let f be a function on a metric space X with values in the extended real
line R∞ = R ∪ {+∞}. It is assumed to be finite at some point x◦ ∈ X.

For ρ > 0 define the constant

θρ[f ](x◦) = inf
x∈Bρ(x◦)

f(x)− f(x◦). (1)

Note that θρ[f ](x◦) ≤ 0 and the equality θρ[f ](x◦) = 0 for some ρ > 0 (for
all ρ > 0) means that x◦ is a point of local (global) minimum of f .

Of course, the infimum in (1) can be limited to the set {x ∈ Bρ(x
◦) :

f(x) ≤ f(x◦)}, or even to the set {x ∈ Bρ(x
◦) : f(x) < f(x◦)} under the

additional agreement that the infimum over the empty subset of R− is 0.
The function ρ → θρ[f ](x◦) is nonincreasing on R+ and lim

ρ→+0
θρ[f ](x◦) ≤ 0.

The equality lim
ρ→+0

θρ[f ](x◦) = 0 means that f is lower semicontinuous at x◦.
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In the latter case it can be important to know how quickly θρ[f ](x◦) ap-
proaches 0 compared to ρ.

Define two more “derivative-like” constants based on (1):

θ[f ](x◦) = lim sup
ρ→+0

θρ[f ](x◦)

ρ
, (2)

θ̂[f ](x◦) = lim sup
x

f→x◦, ρ→+0

θρ[f ](x)

ρ
, (3)

where x
f→ x◦ means that x → x◦ with f(x) → f(x◦). Due to the variations

of x in (3), θ̂[f ](x◦) gains some properties of the strict derivative.
The constants (2) and (3) are nonpositive too and “zero cases” correspond

to certain kinds of stationary behavior of f near x◦. If a constant is strictly
negative, this can be considered as a kind of regularity.

Definition 1. f is

(i) inf-θ-stationary at x◦ if θ[f ](x◦) = 0;

(ii) weakly inf-θ-stationary at x◦ if θ̂[f ](x◦) = 0;

(iii) inf-θ-regular at x◦ if θ[f ](x◦) < 0;

(iv) strongly inf-θ-regular at x◦ if θ̂[f ](x◦) < 0.

The purpose of the “inf” prefix in this definition is to emphasize that min-
imization problems are addressed here. Unlike the classical case, stationarity-
regularity properties of nondifferentiable functions “from below” and “from
above” can be essentially different.

Inf-τ-stationarity and Inf-τ-regularity

Another way of defining stationarity-regularity is based on using slightly
modified versions of (2), (3):

τ [f ](x◦) = lim inf
x→x◦

[f(x)− f(x◦)]−
d(x, x◦)

, (4)

τ̂ [f ](x◦) = lim sup
x

f→x◦, ρ→+0

inf
u∈Bρ(x)\{x}

[f(u)− f(x)]−
d(u, x)

. (5)

The notation [α]− = min(α, 0) is used here. Again, only the points x ∈
Bρ(x

◦) with f(x) < f(x◦) and u ∈ Bρ(x) with f(u) < f(x) are of interest

3



in (4) and (5) respectively. The role of the notation is to handle the case
when the set of such points is empty. Similarly to (2), (3) these constants
are nonpositive.

Remark 1. τ [f ](x◦) coincides up to a sign with the strong slope |∇f |(x◦) of
f at x◦ [1] (see also [5]).

Definition 2. f is

(i) inf-τ -stationary at x◦ if τ [f ](x◦) = 0;

(ii) weakly inf-τ -stationary at x◦ if τ̂ [f ](x◦) = 0;

(iii) inf-τ -regular at x◦ if τ [f ](x◦) < 0;

(iv) strongly inf-τ -regular at x◦ if τ̂ [f ](x◦) < 0.

The relations between the constants (2), (3) and (4), (5), as well as be-
tween the corresponding stationarity and regularity concepts will be dis-
cussed in the next section.

Sup-stationarity and Sup-regularity

Similarly to (1)–(5) corresponding “maximization” constants can be defined.
To do this one has to replace “inf”, “lim inf”, “lim sup”, and [·]− by “sup”,
“lim sup”, “lim inf”, and [·]+ respectively in the corresponding definitions.
The resulting constants are nonnegative. They are related to (1)–(5) by the
following equalities:

θ+
ρ [f ](x◦) = −θρ[−f ](x◦),

θ+[f ](x◦) = −θ[−f ](x◦), θ̂+[f ](x◦) = −θ̂[−f ](x◦),

τ+[f ](x◦) = −τ [−f ](x◦), τ̂+[f ](x◦) = −τ̂ [−f ](x◦)

and lead to similar sup-stationarity and sup-regularity concepts.
Of course, for a function f the set of sup-stationary (sup-regular) points

is different in general from that of inf-stationary (inf-regular) points.
The “combined” concepts can also be of interest. It is natural to say that

a function is stationary (in some sense) at a point if it is either inf-stationary
or sup-stationary at this point. On the contrary, the regularity property for
a function is satisfied when this function is both inf-regular and sup-regular
at the point.

Definition 3. f is
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(i) θ-stationary at x◦ if max(θ[f ](x◦), θ[−f ](x◦)) = 0;

(ii) weakly θ-stationary at x◦ if max(θ̂[f ](x◦), θ̂[−f ](x◦)) = 0;

(iii) θ-regular at x◦ if max(θ[f ](x◦), θ[−f ](x◦)) < 0;

(iv) strongly θ-regular at x◦ if max(θ̂[f ](x◦), θ̂[−f ](x◦)) < 0;

(v) τ -stationary at x◦ if max(τ [f ](x◦), τ [−f ](x◦)) = 0;

(vi) weakly τ -stationary at x◦ if max(τ̂ [f ](x◦), τ̂ [−f ](x◦)) = 0;

(vii) τ -regular at x◦ if max(τ [f ](x◦), τ [−f ](x◦)) < 0;

(viii) strongly τ -regular at x◦ if max(τ̂ [f ](x◦), τ̂ [−f ](x◦)) < 0.

Strong inf-regularity can be interpreted in the following way: all points
in a neighborhood of a given point have “descent sequences”, and the rate of
descent is uniform. In contrast to that, strong regularity is equivalent to the
existence of both descent and ascent sequences with the uniformity property.

Dual Stationarity and Regularity

All definitions in the preceding subsections are primal space definitions. As
in the classical analysis, dual characterizations of stationarity and regularity
concepts are important. In the case of a normed linear space such character-
izations can be formulated in terms of Fréchet subdifferentials.

Let X be a normed linear space. Its (topological) dual is denoted X∗.
〈·, ·〉 is the bilinear form defining the duality pairing. Recall that the Fréchet
subdifferential of f at x◦ is defined as

∂f(x◦) =

{
x∗ ∈ X∗ : lim inf

x→x◦

f(x)− f(x◦)− 〈x∗, x− x◦〉
‖x− x◦‖

≥ 0

}
. (6)

Definition 4. f is

(i) inf-d-stationary at x◦ if 0 ∈ ∂f(x◦);

(ii) inf-d-regular at x◦ if 0 6∈ ∂f(x◦).

It follows immediately from the definitions that in the normed space
setting inf-τ -stationarity (inf-τ -regularity) is equivalent to inf-d-stationarity
(inf-d-regularity).

A bit more complicated constructions are needed for characterization of
weak stationarity and strong regularity.
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Let us assume for simplicity that f is lower semicontinuous near x◦.
In the general nonconvex setting the subdifferential mapping ∂f(·) fails

to posses good (semi-)continuity properties. In fact, the set ∂f(x) can be
empty rather often. Based on (6) one can define a more robust derivative-like
object:

∂̂δf(x◦) =
⋃

x∈Bδ(x◦)

|f(x)−f(x◦)|≤δ

∂f(x). (7)

It depends on a positive parameter δ and accumulates information on “dif-
ferential” properties of f at nearby points, thus attaining some properties of
the strict derivative. The set (7) is called the strict δ-subdifferential of f at
x◦ (see [7, 8, 9]). In contrast to (6), the set (7) can be nonconvex. However,
it possesses certain subdifferential calculus.

Using (7) one more constant can be defined for characterizing stationar-
ity/regularity properties of f :

η[f ](x◦) = lim
δ→0

inf{‖x∗‖ : x∗ ∈ ∂̂δf(x◦)}. (8)

Unlike the constants considered in the preceding subsections, this constant
is nonnegative.

Definition 5. f is

(i) inf-η-stationary at x◦ if η[f ](x◦) = 0;

(ii) inf-η-regular at x◦ if η[f ](x◦) > 0.

Note that the inf-η-stationary condition η[f ](x◦) = 0 does not imply the
inclusion 0 ∈ ∂̂δf(x◦).

Example 1. Take f(x) = x, if x < 0, and f(x) = x2 otherwise. One has
∂f(0) = ∅, 0 6∈ ∂̂δf(0) for any δ > 0 while η[f ](0) = 0.

Fortunately (8) happens to be closely related to (3) and (5).
Sup-d-stationarity and sup-η-stationarity as well as the corresponding

regularity concepts can be defined in a similar way.

Formulation

Relations between the “Elementary” Constants

Proposition 1. The following assertions hold true:
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(i) τ [f ](x◦) ≤ θ[f ](x◦);

(ii) if θρ[f ](x◦) = 0 for some ρ > 0 then τ [f ](x◦) = θ[f ](x◦) = 0.

Proposition 1 (i) implies the relations between the corresponding station-
arity and regularity concepts:

• inf-τ -stationarity ⇒ inf-θ-stationarity;

• inf-θ-regularity ⇒ inf-τ -regularity.

Proposition 1 (ii) means that at a point of local minimum a function is
both inf-τ -stationary and inf-θ-stationary.

Inequality (i) in Proposition 1 can be strict even for functions from R to
R.

Example 2. Take f(x) = −|x|, if |x| = 1/2n, n = 1, 2, . . ., and f(x) = 0
otherwise. Obviously τ [f ](0) = −1. At the same time, for any ρ ∈ Ξn = {ρ :
1/2n ≤ ρ < 1/2n−1} one has θρ[f ](0) = −1/2n and

sup
ρ∈Ξn

θρ[f ](0)

ρ
=
−1/2n

1/2n−1
= −1

2
.

Thus, θ[f ](0) = −1/2.

It is possible to modify the above example to make θ[f ](0) equal zero.

Example 3. Take f(x) = −|x|, if |x| = 1/nn, n = 1, 2, . . ., and f(x) = 0
otherwise. One still has τ [f ](0) = −1 while θ[f ](0) = 0.

Thus, in the above example f is inf-τ -regular at 0 while being inf-θ-sta-
tionary at this point.

It is possible to modify the example further to make f continuous and
even differentiable near 0 (but not strictly differentiable!) while keeping the
inequality (i) in Proposition 1 strict.

Relations between the “Strict” Constants

The relations between the elementary constants and their “strict” counter-
parts, as well as between the two “strict” constants are given by the next
theorem.

Theorem 1. The following assertions hold true:

(i) θ̂[f ](x◦) ≥ lim sup
x

f→x◦

θ[f ](x),
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(ii) τ̂ [f ](x◦) = lim sup
x

f→x◦

τ [f ](x);

(iii) τ̂ [f ](x◦) ≤ θ̂[f ](x◦);

(iv) If X is complete and f is lower semicontinuous near x◦, then τ̂ [f ](x◦) =
θ̂[f ](x◦).

Parts (i) and (ii) of Theorem 1 imply the inequalities

θ[f ](x◦) ≤ θ̂[f ](x◦), τ [f ](x◦) ≤ τ̂ [f ](x◦),

and both of them can be strict.

Example 4. Take the function f from Example 1. Evidently, f attains a local
minimum at xn = 1/2n for any n = 1, 2, . . ., and consequently, θρ[f ](xn) = 0
for some ρ > 0. It follows from Proposition 1 (ii) that τ [f ](xn) = θ[f ](xn) =
0. Consequently, τ̂ [f ](0) = θ̂[f ](0) = 0. Recall that τ [f ](0) = −1 and
θ[f ](0) = −1/2.

Inequalities (i) and (iii) in Theorem 1 can be strict too.

Example 5. Define the function f : R → R in the following way: f(x) = x if
x ≤ 0, f(x) = x− 1/n if 1/n < x ≤ 1/(n− 1), n = 2, 3, . . ., f(x) = x− 1/2
if x > 1/2. It is easy to see that θ[f ](x) = τ [f ](x) = −1 for any x ∈ R.
Then τ̂ [f ](0) = −1. On the other hand, take xn = 1/n + 1/n2, ρn = 1/n,
n = 1, 2, . . .. Then f(xn) = 1/n2 and consequently, θρn [f ](xn) ≥ −1/n2. It

follows immediately that θ̂[f ](0) = 0.

Due to part (iv) of Theorem 1 in the case of a lower semicontinuous
function on a complete metric space two weak stationarity concepts as well
as two strong regularity concepts coincide and the prefixes θ and τ can be
omitted.

Corollary 1.1. The following assertions hold true:

(i) inf-θ-stationarity ⇒ weak inf-θ-stationarity;

strong inf-θ-regularity ⇒ inf-θ-regularity;

(ii) inf-τ -stationarity ⇒ weak inf-τ -stationarity;

strong inf-τ -regularity ⇒ inf-τ -regularity;

(iii) weak inf-τ -stationarity ⇒ weak inf-θ-stationarity;

strong inf-θ-regularity ⇒ strong inf-τ -regularity;
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(iv) If X is complete and f is lower semicontinuous near x◦, then

weak inf-τ -stationarity ⇔ weak inf-θ-stationarity;

strong inf-θ-regularity ⇔ strong inf-τ -regularity.

The next “fuzzy” characterization of weak inf-τ -stationarity can be con-
venient for applications. It follows directly from the definition (5).

Proposition 2. f is weakly inf-τ -stationary at x◦ if and only if for any ε > 0
there exists an x ∈ Bε(x

◦) such that |f(x)− f(x◦)| ≤ ε and

f(u) + εd(u, x) ≥ f(x) for all u near x. (9)

Remark 2. A point x satisfying (9) is referred to in [12] (see also [6]) as a
local Ekeland point of f (with factor ε). If all the conditions in Proposition 2
are satisfied, then x◦ is said to be a stationary point of f with respect to min-
imization [12]. Thus, stationarity with respect to minimization is equivalent
to weak inf-τ -stationarity and, in the case of a lower semicontinuous function
on a complete metric space, also to weak inf-θ-stationarity.

Relations between the Primal and Dual Constants

From now on X is assumed to be a normed linear space. The next assertion
is straightforward and has already been mentioned in the previous section.

Proposition 3. (i) inf-τ -stationarity ⇔ weak inf-d-stationarity;

(ii) inf-τ -regularity ⇔ inf-d-regularity.

Remark 3. Due to Propositions 1 and 3 the inclusion 0 ∈ ∂f(x◦) is sufficient
for inf-θ-stationarity of f at x◦. The opposite implication is not true in
general (see Examples 2 and 3).

In what follows f is assumed to be lower semicontinuous near x◦.

Theorem 2. (i) θ̂[f ](x◦) + η[f ](x◦) ≥ 0.

(ii) If X is Asplund then

θ̂[f ](x◦)

[1 + θ̂[f ](x◦)]+
+ η[f ](x◦) ≤ 0.

9



This theorem follows from [10], Theorem 2. The first part of the theorem
is elementary. The proof of the second part is based on the application of
the two fundamental results of variational analysis: the Ekeland variational
principle [2] and the fuzzy sum rule due to Fabian [3].

Thus, in an Asplund space the constants θ̂[f ](x◦) and η[f ](x◦) can be zero
or nonzero only simultaneously. Recall that a Banach space is called Asplund
(see [4, 13, 14]) if any continuous convex function on it is Fréchet differentiable
on a dense Gδ subset. Note that in a Banach space θ̂[f ](x◦) = τ̂ [f ](x◦) due
to Theorem 1.

Corollary 2.1. (i) inf-η-stationarity ⇒ weak inf-θ-stationarity;

(ii) strong inf-θ-regularity ⇒ inf-η-regularity;

(iii) If X is Asplund then

weak inf-θ-stationarity ⇔ weak inf-τ -stationarity ⇔ inf-η-stationarity;

strong inf-θ-regularity ⇔ strong inf-τ -regularity ⇔ inf-η-regularity.

Differentiable Functions

The constants and corresponding stationarity/regularity concepts defined
above take quite a traditional form when the function is assumed differen-
tiable or convex. Fortunately, the number of different constants and concepts
reduces significantly.

Theorem 3. If f is Fréchet differentiable at x◦ with the derivative ∇f(x◦)
then

θ[f ](x◦) = τ [f ](x◦) = −θ+[f ](x◦) = −τ+[f ](x◦) = −‖∇f(x◦)‖ .

If, additionally, the derivative is strict then

θ̂[f ](x◦) = τ̂ [f ](x◦) = −θ̂+[f ](x◦) = −τ̂+[f ](x◦) = −‖∇f(x◦)‖ .

Recall that f is called strictly differentiable [13, 15] at x◦ (with the deriv-
ative ∇f(x◦)) if

lim
x→x◦, u→x◦

f(u)− f(x)− 〈∇f(x◦), u− x〉
‖u− x‖

= 0.

This condition is stronger than the traditional Fréchet differentiability. Thus,
condition ∇f(x◦) 6= 0 does not guarantee strong regularity in the sense of
Definition 1 (or Definition 2) unless f is strictly differentiable at x◦.
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Example 6. Take f(x) = x + x2 sin(1/x), if x 6= 0, and f(0) = 0. This
function is everywhere Fréchet differentiable and ∇f(0) = 1. Thus, f is
regular at zero. At the same time τ̂ [f ](0) = τ̂+[f ](0) = 0: there exists a
sequence xk → 0 such that ∇f(xk) → 0, and the assertion follows from
Theorem 1, part (ii). Consequently, f is both weakly inf-stationary and
weakly sup-stationary at zero.

Corollary 3.1. If f is Fréchet differentiable at x◦ with the derivative ∇f(x◦)
then the following conditions are equivalent.

(i) f is inf-θ-stationary at x◦;

(ii) f is inf-τ -stationary at x◦;

(iii) f is θ-stationary at x◦;

(iv) f is τ -stationary at x◦;

(v) ∇f(x◦) = 0.

If, additionally, the derivative is strict then the above conditions are also
equivalent to the following ones:

(vi) f is weakly inf-θ-stationary at x◦;

(vii) f is weakly inf-τ -stationary at x◦;

(viii) f is weakly θ-stationary at x◦;

(ix) f is weakly τ -stationary at x◦.

Remark 4. Stationary and weak stationary in the above corollary can be
replaced with regularity and strong regularity respectively if one replaces the
equality in (v) with the inequality ∇f(x◦) 6= 0.

Convex Functions

In the convex case, as one could expect, all versions of inf-stationarity coin-
cide and appear to be equivalent to just (local and global) minimality.

Theorem 4. Let f be convex.

(i) If θρ[f ](x◦) < 0 for some ρ > 0 then θρ[f ](x◦) < 0 for all ρ > 0.

(ii) The functions ρ → θρ[f ](x◦)/ρ and ρ → θ+
ρ [f ](x◦)/ρ are nondecreasing

on R+\{0}.
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(iii) The following equalities hold true:

θ̂[f ](x◦) = τ̂ [f ](x◦) = θ[f ](x◦) = τ [f ](x◦) =

inf
ρ>0

θρ[f ](x◦)

ρ
= inf

x 6=x◦

[f(x)− f(x◦)]−
‖x− x◦‖

,

θ+[f ](x◦) = τ+[f ](x◦) = inf
ρ>0

θ+
ρ [f ](x◦)

ρ
= inf

ρ>0
sup

‖x−x◦‖=ρ

[f(x)− f(x◦)]+
ρ

.

(iv) τ [f ](x◦) + τ+[f ](x◦) ≥ 0.

(v) τ̂ [f ](x◦) + τ̂+[f ](x◦) ≥ 0.

(vi) If τ [f ](x◦) + τ+[f ](x◦) = 0 and {xk} ⊂ X is a sequence defining
τ [f ](x◦), that is xk → 0 and

τ [f ](x◦) = lim
k→∞

f(x◦ + xk)− f(x◦)

‖xk‖

then {−xk} is a sequence defining τ+[f ](x◦):

τ+[f ](x◦) = lim
k→∞

f(x◦ − xk)− f(x◦)

‖xk‖
.

Corollary 4.1. If f is convex then the following conditions are equivalent:

(i) f attains a global minimum at x◦;

(ii) f attains a local minimum at x◦;

(iii) f is inf-θ-stationary at x◦;

(iv) f is inf-τ -stationary at x◦;

(v) f is θ-stationary at x◦;

(vi) f is τ -stationary at x◦;

(vii) f is weakly inf-θ-stationary at x◦;

(viii) f is weakly inf-τ -stationary at x◦;

(ix) f is weakly stationary at x◦.
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Remark 5. The conditions τ [f ](x◦) = τ+[f ](x◦) = 0 imply Fréchet differen-
tiability of f at x◦ (with the derivative equal to zero). The weaker condition
τ [f ](x◦)+τ+[f ](x◦) = 0 in Theorem 4, (vi) implies linearity of the directional
derivative of f along the direction of steepest descent (if the latter exists)
with the opposite direction being automatically the direction of steepest as-
cent. This condition is not sufficient for differentiability of f at x◦ unless
X = R. Note also that the direction opposite to the direction of steepest
ascent does not need to be a direction of steepest descent.

Example 7 (1). Take the function f(x, y) = max(x, y) on R2 and assume
that R2 is equipped with the max type norm: ‖x, y‖ = max(|x|, |y|). f is
obviously not differentiable at 0. At the same time τ [f ](0) = −1, τ+[f ](0) =
1. The vector (−1,−1) defines the (unique) direction of steepest descent.
The opposite vector (1, 1) defines the direction of steepest ascent and f is
linear along the line defined by these vectors. Note that the direction of
steepest ascent is not unique. For instance, the vector (1, 0) also defines the
direction of steepest ascent, while the opposite vector does not define the
direction of steepest descent and f is not linear along this line.

Remark 6. Stationary and weak stationary in the assertions (iii) – (ix) of
the above corollary can be replaced with regularity and strong regularity
respectively if one replaces (i) and (ii) with the opposite assertions: x◦ is not
a point of (local or global) minimum of f .

See also: Nonsmooth analysis: Fréchet subdifferentials
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