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1 Introduction.

If one takes an optimization problem and some necessary optimality
conditions, then in general there exist points satisfying these condi-
tions but not being optimal in the usual sense. Nevertheless, if the
necessary conditions are strong enough then such points do have some
extremality properties. The main idea of the paper is to extend the
traditional notion of optimality in order to be able to treat these “al-
most optimal” points as well. On this way we come to new (extended)
definitions of extremality, and the necessary conditions become also
sufficient.
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As a basis for constructing the new abstract notion of extremal-
ity we take some modifications of the known necessary extremal-
ity conditions from the theory of nonsmooth optimization: the gen-
eralized FEuler equation for extremal systems of sets [20] and La-
grange multipliers rule for (f,Q, M)-extremal points [11] (see also
[13, 15, 16, 17, 18, 21, 25]).

Contrary to usual notions of extremality the one presented below is
stable relative to small deformations of the data near the point under
consideration. Let us take for example a problem of unconditional
minimization of a real valued function o (u) = u? defined on a real line.
u = 0 is obviously a point of minimum. If we add to ¢ an indefinitely
small (in a neighborhood of u = 0) function ¥(u) = —|ul*2, then
u = 0 is no longer a point of minimum (Actually it is a point of local
maximum of p+1). When using the extended definition of minimality,
u = 0 remains a point of minimum for ¢ + ¢ as far as it is a point of
minimum for ¢ and V(0) = 0 (Proposition 7.3).

The paper is organized as follows. In Section 2 we present defi-
nitions of derivative-like objects which are used in statements of ex-
tremality conditions. In Section 3 the generalized Euler equation is
defined. Sections 4 and 5 are devoted to new definitions of the extremal
system of sets and (f, 2, M)-extremal points. The necessary and suf-
ficient extremality conditions are also presented. Section 6 presents
the covering theorem. Several examples of problems of unconditional
minimization and the definition of extended minimality can be found
in Section 7.

Some constants are defined in the paper which simplify definitions
and statements of the results.

Mostly standard notations are used throughout the paper. X, Y
denote Banach spaces and X*, Y* denote their topological duals. (-, )
is a canonical paring between a space and its dual. B,(z) stands for
a closed ball with center x and radius p. We shall write B, instead of
B,(0). The norms in the primal and the dual spaces will be denoted
respectively by || - || and || - ||+



2 Strict (e,0)-subdifferentials.

Let €2 be a set in a Banach space X and let ¢ be a function from €2
into R,z € Q,e>0,6 > 0.

A convex set
o- () = {x* € X*: liminf o) = pla) = (@, u = ) > —8} (1)

° U—T ”u o $H

is called an e-subdifferential of ¢ at x. Here u X 2 means that u — =
with v € €.

When z € int2, ¢ = 0 and ¢ is convex (Fréchet differentiable at
z) the set (1) coincides with the subdifferential of convex analysis
(reduces to the Fréchet derivative). In general it is a direct exten-
sion of the Fréchet subdifferential (see [19] for the survey of different
properties of such subdifferentials and their generalizations).

Let us consider another set based on (1):

~

Iaple) = U 0 (c'p)(u). 2)
u€clQNBg ()
lett o (u) —p(x)| <5
cl*¢ denotes here the lower semicontinuous envelope of . The set (2)
can be nonconvex. We shall call it a strict (£,d )-subdifferential of  at
T.
An e-superdifferential and a strict (£,0 )-superdifferential of ¢ at z

can be defined in a similar way:

0T p(r) = {x* € X*: limsup ou) = plz) = (@, u = 2) < 8} :

w8 [ — ]

Osp(z) = U (') (u) (3)
u€clQNBg ()
letT o (u)—p(2)]| <5

(cl'y is the upper semicontinuous envelope of ). The equality

3;590(90) = - Ag_,a(—@)(x)

holds true.
Let us note that strict sub- and superdifferentials can be nonempty
simultaneously and can be essentially different as in the nonsmooth
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case “differential” properties of a function “from below” and “from

above” can differ significantly.
The set

A yp(w) = O yp(x) U 0Zsp(x) (4)
is called a strict (¢,0 )-differential of ¢ at x.

The above definitions (2), (3), (4) are some modifications of the def-
initions of strict e-semidifferentials introduced in [14]. When & = 0 we
shall omit index € in corresponding denotations. Strict d-subdifferenti-
als were used in [17].

All the “strict” sets (2), (3), (4) do have some properties of a strict
derivative. This is due to the fact that when defining a strict (e, J)-
subdifferential we actually calculate subdifferentials in a neighborhood
of a point under consideration (see (2), (3)).

Let us recall that a function ¢ : X — R is called strictly differen-
tiable at x (with a strict derivative z*) if

i £00) = 20 = (0= )
u' = HU —u H

= 0.

Evidently this definition imposes on ¢ stronger conditions, than the
usual definition of a Fréchet derivative.

Strict (e, §)-subdifferentials (strict d-subdifferentials) and the cor-
responding geometrical objects are used below in statements of the
extremality conditions. Of course, all the results can be formulated in
terms of original subdifferentials (without the union operation). Using
strict subdifferentials simplifies the statements.

With the help of strict (g, §)-subdifferentials it is possible to define
limiting constructions — the generalized differentials [12, 21] and the
approximative subdifferentials [9], which have been successfully applied
in nonsmooth analysis and optimization for many years.

Some geometrical objects can be defined similarly: a set of e-nor-
mals

PR (]l

N.(z|Q?) = {:1:* e X" limsupw < s}
and a strict set of (g,0 )-normals
N.5(z|Q) = U[No(uldQ) : u € clQ N Bs(z)],
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and (when € = 0) a normal cone N(z|Q2) and a strict 6-normal cone
Ns(z|Q) to Q at z. They are closely related to e-subdifferentials and
strict (e, §)-subdifferentials.

For a set-valued mapping F': © = Y we can define a strict (g,6)-
coderivative and a strict §-coderivative [17]. They are defined by the
equalities

ég,(sF(:L’,y;y*) ={z" e X*: (2", —y") € ]\Afg,g(x,y\gph F)},

O5F(z,y;y*) = {a* € X*: (2%, —y*) € Ny(z, y|gph F)},
where gph F' is the graph of F.

3 The generalized Euler equation.

Let Q1, €y be closed sets in X. Following [15], let us introduce a
constant

6(21,Q) =sup{r >0: B, C Q — D}, (5)
describing the rate of their “overlapping”. The difference of sets
in (5) is understood in the algebraic sense: Q; — Qs = {w; —wsy :
wi €01, wr €}t When Q; N Qy = 0, we suppose, that
0(91,@2) = —OQ.

The definition of an eztremal set system introduced in [20] can now
be formulated as follows.

DEFINITION 3.1 A system of sets Q, Q is extremal if (21, Q) = 0.
In this case any x € 21 Ny 1s called an extremal point of the system

Qp, Q.

DEFINITION 3.2 A system of sets 2y, €29 1s locally extremal in a neigh-
borhood of x € 1 N Qy, if for some p > 0 the system Q; N B,(z),
Qs N B,(x) is extremal.

The concept of an extremal system characterizes mutual arrange-
ment of sets in space. In convex case the definition of an extremal
system reduces to the classical form.

PROPOSITION 3.1 Let Q1, Q5 be conver sets, int Qs # (). A system of
sets Qq, Qs 1s extremal if and only if Q1 Nint Qy = 0.
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In general this concept covers different notions of optimality in
scalar and/or vector constrained optimization problems (see various
examples in [11, 20, 21] and the recent survey paper [22]). A simple
example of an extremal system is provided by the pair {z}, Q, where
x is a boundary point of €2.

In case of an Asplund space it is possible to formulate a dual crite-
rion of extremality (see [10, 16, 20, 21, 25]).

Let us recall that a Banach space is called Asplund [1] (see [27])
if any continuous convex function on it is Fréchet differentiable on a
dense set of points. Asplund spaces form a rather broad subclass of
Banach spaces. See [3, 27| for various properties and characterizations
of Asplund spaces. This class includes e. g. all spaces which admit
Fréchet differentiable bump functions (in particular, Fréchet smooth
spaces). Reflexive spaces are examples of Fréchet smooth spaces.

Asplund spaces have proved to be very convenient for investigating
different properties of nonsmooth functions. Actually Asplund prop-
erty of Banach spaces is not only sufficient but also a necessary con-
dition for the fulfillment of some basic results in nonsmooth analysis
involving Fréchet normals and subdifferentials (see [7, 8, 24, 26]).

DEFINITION 3.3 Let us say that the generalized Fuler equation holds
true at x € 2y N Qq of for any € > 0, 6 > 0 there exist such elements
z7 € Ns(x|Q), 5 € Ns(z|Qs) that

21 + 25|« <e, (6)
7]l + 23]l = 1. (7)

THEOREM 3.1 Let X be an Asplund space and let a system of sets
Q1, Q9 be locally extremal near x. Then the generalized Euler equation
holds true at x.

Theorem 3.1 can be viewed as a certain generalization of the clas-
sical separation theorem for convex sets. The generalized Euler equa-
tion characterizes extremal properties of set systems. It was used in
[11, 20, 21, 25] as a main tool for deducing calculus formulas and
necessary optimality conditions.



Strict J-normal cones are used in Theorem 3.1 (see Definition 3.3)
instead of strict sets of (g,d)-normals, which were used in the cor-
responding statement in [16], and the theorem is formulated not for
smooth but for an arbitrary Asplund space. This became possible due
to replacing in its proof the variational principle of Ekeland [5] by the
smooth variational principle of Borwein and Preiss [2] and applying
the separable reduction method of Fabian [6].

The statement of Theorem 3.1 cannot be extended to nonasplund
spaces. Actually it can be considered as a form of extremal character-
ization of Asplund spaces.

4 Extremal set systems.

Let us introduce a local constant based on (5):
- 62 — B,, Qs — B
0o, ) = liming (TN BB e 0B,)

Q Q P
W] =T, Wy —T
p——+0

DEFINITION 4.1 A system of sets Qq, Qy is extended extremal (e-ext-
remal) near © € Q1 N Qs if 6,(21,Q) = 0.

PROPOSITION 4.1 If a system of sets €21, Q9 s locally extremal in a
neighborhood of x, then it is e-extremal near x.

The definition (8) can be slightly simplified if we use another local
constant:

0,(€21, ) = lim inf 0(€1 N By(), 22N Bp(x))-
p—+0 P

(9)

Then we have

~

Qm(Ql, Qg) = liminf 90(@1 — Wi, QQ - (,UQ). (10)
wlﬁx, w;l%x

In general, Definition 4.1 differs from Definition 3.2 in two impor-
tant points. First, it is required not strict “nonoverlapping” of sets
but up to an indefinitely small deformation (see (9)). Second, the sets
can “nonoverlap” not in the point z: it is sufficient that in any its
neighborhood there exist such points w; € 1, wy € €29, that the sets

Q1 — wi, Q9 —wy “almost nonoverlap” (see (10)).
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THEOREM 4.1 Let X be an Asplund space. A system of sets €21, 29
15 e-extremal near © € Q1 N o if and only if the generalized FEuler
equation holds true at x.

Proof. The proof of the necessity is based on the same ideas, which
were used to prove Theorem 3.1. Let the system €2, €25 be e-extremal
near r € 21 N, i. e. éw(Ql,Qg) = 0, and let numbers € > 0, 6 > 0
be given. Without loss of generality we will suppose that € < 1. Then
due to (8) there exist points w; € 21N Bja(x), w2 € Q2N Bs/s(r) and a
positive number p < §, such that 8([Q;—w;|NB,, [Q—ws]NB,) < pe/8.
Taking into account the definition (5) the last inequality yields the
existence of a point a € B, /g, such that a & ([Q21 —@1] N B,) — ([Q22 —
W9] N B,). This means that |jw; — @ — wa + @y — al| > 0 for any
w1 € 21 N Bp((fjl), we € (29N Bp(djg).

Let us consider a real valued function ¢1(wy,ws) = |lwg — @y —
wy + Wy — al| defined on X x X (we suppose that the latter space
is equipped with the maximum norm: ||uy,us| = max(||uql], |[usz]]))-
Then wl(wl,wg) > ( for all (wl,wQ) €)= [QlﬂBp(djl)] X [QQHBp(Q)Q)]
and 11 (w1, 02) = ||al| < pe/8. It follows from the Ekeland’s variational
principle [5] that there exist points @; € €y N B,ju(w1), @2 € 22 N
B,4(Ws), such that (&1, ds) is a point of minimum for the extended
real valued function ¥ + 19 + 13, where 1o(uy, us) = (£/2)|| (w1, u2) —
((:Jl, @2)”, wg(ul, UQ) =0if (ul, UQ) € Q and wg(ul, UQ) = oo if (ul, UQ) Q
2 (the indicator function of ).

The functions ¢y and 1y are convex and Lipschitzian, and we can
apply lemma 4 from [6] (“zero” fuzzy sum rule). There exist points
(l’lj,l’gj) c Bp/4((;}1,(:}2) and (l’){j,$§j) S 8_¢j(x1j,:1:2j), 7 =1,2,3,
such that (z13,73) € @ and ||(z7;,25;) + (215, 25) + (713, 733) |+ <
/2. Evidently we have (z1j,%2;) € B,a2(w1,w2), ||21s, 23]« < /2,
ri3 € N(z13/), 33 € N(x23/Q) and zj; = z*, 25, = —z*, where
x* is the subgradient of the norm, calculated in the nonnull point
T1] — W1 — o1 + Wy — a. Thus ||z*||« = 1 and ||z} + 255 < ||z}5 +

|l + |lz3g — z*[l« = |[(271,73) + (213, 253)[[« < . We have also
2 —e < |lzgsll + [[25s)l < 2+
Let us denote x; = w13, 3 = x93, =] = zi3/(||z3s|]« + [|z53]]+),

z3 = xis/ (|23s]l« + [|235]l+). Then z1 € @y N Bj(x), z2 € QN Bs(2),
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st e N(ml9) © Nylal), 25 € N(mal9) C Ny(ale), il +
|z5]|« = 1, ||z} + z5]|« < €/(2 —¢) < e. This completes the proof
of the necessity.

Let a system of sets {21, {29 be not e-extremal near x € €2; N €y,
i. e. éx(ﬂl, (23) = a > 0. Then there exist r > 0, such that

9([01 - wl] N Bp, [QQ - wg] N Bp) Z O(p/2 (11)

for any positive p < r and any w; € Q1 N B, wo € QN B,. If
the generalized Euler equation holds true at x, then there exist wy €
M N By, wy € Q9N B, and z7 € N(wi|2), x5 € N(w2|Q2), such
that conditions (6), (7) hold true for ¢ = min(a/16,1/4). It follows
from the definition of a normal cone that there exist a positive p < r,
such that (z},w) < l|w|| for any w € [ —w;] N By, ¢ = 1,2. But
r3 = —z]+ (2] +z3). Consequently we have —(r],w) < (55 +¢)[|w|| <
3w for any w € [Qs — wo] N B, and (z},w) < ap/8 for any w €
([ —wi]N B,) — ([Q2 —w2] N B,). Now it follows from (11) and the
definition (5) that |||« < 1/4 and ||z5][« < ||z}||« + & < 1/2. This
contradicts (7). m

Let us note that the sufficient part of Theorem 4.1 is true for any
(not necessary Asplund) Banach space.

The above theorem can serve as a tool for deducing necessary and
sufficient conditions of “extended extremality” in various extremal
problems.

The definition of the extremal system can be expanded for the case
of n sets.

DEFINITION 4.2 A system of sets €;, 1=1,2,...,n, is e-ext-
remal near x if the system of sets 0y = 1€ and
Q= {(w,w,...,w) € X"} is e-extremal near (z,z,...,z) € X".

PROPOSITION 4.2 Let I = {1,2,...,n}, j € I. A system of
sets Q, i € I, is e-extremal near z if the system of sets Qq =
ien\(j1 €% and Q= {(w,w,...,w) X" we Q;} is e-extremal
near (z,,...,x) € X" 1.

The following theorem gives a dual criterion of extremality (the
generalized Euler equation).



THEOREM 4.2 Let X be an Asplund space. A system of sets §2;,
1 =1,2,...,n, 1s e-extremal near  if and only if for anye >0, § >0
there exist such elements xf € Ns(z|Q;), i =1,2,...,n, that

|21+ 254+l <,
zxlle 4 [lzall 4 - -+ [l ]l = 1.
The proof of Theorem 4.2 reduces to calculating the cones N (Z])
and N (Z]€s).

5 Extremality Conditions.

Let us consider closed sets €2 C X, M C Y and a function f : 2 — Y.
We shall suppose that f is M-closed, i. e. the graph of the set-valued

mapping
F(u)=f(u) — M, ueQ (12)

is closed in X x Y. Let us introduce a constant

éx(f; Q, M) _ thmf H(f(ﬂ N B,O(u))p_ f(u)7 M — U)'

vff(u)UiMO

p——+0

DEFINITION 5.1 A point x € Q is (f,2, M)-extremal if f(z) € M
and 0,(f,Q, M) =0.

The above definition is a modification of the corresponding def-
initions from [11, 13]. Contrary to the known abstract notions of
extremality there are no conditions on the set M in Definition 5.1: it
does not need to be convex and/or to have nonempty interior.

Definition 5.1 is in a sense a counterpart of Definition 4.1 of an
extended extremal system of sets. It also gives a rather general notion
of (extended) extremality, embracing different optimality notions in
optimization problems. If e. g. z is a local solution of the nonlinear
programming problem
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minimize  fo(u)

subject to  fi(u) <0, i=1,2,...,m,
filu)=0,i=m+1,...,n,
u € €,
where €2 is a closed set, m,n are nonnegative integers, m < n, func-
tions f; are lower semicontinuous for ¢ = 0,1,...,m and continu-
ous for i = m + 1,...,n, then z is (f, 2, M)-extremal if one takes

f: (fo_f0($)7f17f27"'7fn) X — Rn—l—l’ M:RT+1 X 0.

THEOREM 5.1 Let X, Y be Asplund. A point x € Q is (f,Q, M)-
extremal if and only if f(x) € M and for any § > 0 there ezists an
element y* € Y*, such that ||y*||. = 1 and

0 € d5F(z,0;y"), (13)
where F' is defined by (12).

Theorem 5.1 can be deduced from Theorem 4.1 or it can be proved
independently. Actually both results are equivalent.

The above theorem gives general extremality conditions. The ele-
ment y* can be viewed as an analog of the Lagrange multipliers vector
in the classical problem of nonlinear programming. (13) yields the
inclusion

y* € Ns(f(2)|M), (14)
generalizing conditions on signs of multipliers and complementarity
slackness conditions.

The following statement is a corollary of Theorem 5.1 under the
additional assumption that f is Lipschitz.

THEOREM 5.2 Let X, Y be Asplund and let f be Lipschitz continuous
near x. A point x € Q is (f,Q, M)-extremal if and only if f(x) € M
and for any 0 > O there exists such an element y* € Y* that ||y*||« = 1,

0 € 95 (y", )(x) (15)
and the condition (14) holds true.
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The inclusion (15) generalizes the classical Lagrange multipliers
rule. Here the function (y*, f) : X — R is defined by the equality
(v, F)(w) = (", £ (w).

Some examples of necessary optimality conditions, derived from
Theorem 5.2, can be found in [15].

6 The Covering Theorem.

The last “extremal” result of the paper is the covering theorem (see
[4, 13, 15]), which can be viewed as a certain generalization of the
classical open mapping theorem to the case of a set-valued mapping.

Let us consider a set-valued mapping F': 2 =Y with a closed
graph gph F'. Let us denote

Or(z,y,p) =sup{r > 0: B,(y) C F(Q2N B,(x))}, (16)
Op(z,y) = lim 1r(1f) M (17)
u—z, vF—I}L y p
p—+0

DEFINITION 6.1 F' covers (at a linear rate [23]) near (x,y) € gph F
if Qp(x, y) > 0.

The following constant is used for characterizing the covering prop-
erty:

br(z,y) = ?iro)inf{llw*ll* L wt € F(zyyY), vl =1} (18)

THEOREM 6.1 Let X, Y be Asplund spaces. F covers in a neighbor-
hood of (z,y) € gph F if and only if bp(x,y) > 0.

Theorem 6.1 can be proved in a similar way as Theorem 4.1. On
the other hand it can be deduced from Theorem 4.1 (or Theorem 5.1).
In their turn Theorems 4.1 and 5.1 can be proved as corollaries of
Theorem 6.1.

In case of an ordinary (single-valued) continuous mapping
f:Q —Y the following constants are used in the definition of the
covering property instead of (16), (17):
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ef(il,’,p) - sup{r >0: Br(f(x)) C f(Q N Bp(x))}a

0¢(z) = lim infw,
/ ) .
p——+0

and in the formulation of the covering criterion instead of (18) it is
necessary to use the constant

by(e) = swpind (. + a* € 05 (v, £)(x), ']l = 1}

THEOREM 6.2 Let X, Y be Asplund and let f be Lipschitz continuous
near . f covers near x € Q if and only if bs(z) > 0.

7 Some Examples

In this section we present some examples illustrating the abstract defi-
nition of extremality introduced in Section 5. We shall consider a prob-
lem of unconditional minimization of a lower semicontinuous function
p: X — R.

Let us fix z € X and set f(u) = p(u) —p(z), =X, M =R_. In
this setting Definition 5.1 of a (p, 2, M)-extremal point is equivalent
to the following one.

DEFINITION 7.1 z is a point of extended minimum (e-minimum) of
p if

limsup inf pv) — pv) = 0.
9 veB,(u) P

u—T
p—+0

Hear u % 2 means that v — z and ¢(u) — @(z).
The following statement is an easy consequence of the definition.

PROPOSITION 7.1 If x is a point of local minimum of ¢ then it is a
point of e-minimum of p.

Application of Theorem 5.1 leads to the following result.

PROPOSITION 7.2 Let X be Asplund. = is a point of e-minimum for
¢ if and only if 0 € 05 p(z) for any 6 > 0.
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The definition of extended minimality is stable relative to small
deformations of the data.

PROPOSITION 7.3 Let 1) be strictly differentiable at x with Vi(x) = 0.
If x is a point of e-minimum for ¢ then it is a point of e-minimum
for o + 1.

In the smooth case a set of e-minimal points coincides with a set
of stationary points.

PROPOSITION 7.4 Let ¢ be strictly differentiable at x. = 1s a point of
e-minimum for ¢ if and only if Vp(z) = 0.

In each of the examples below £ = 0 is a point of e-minimum
for o : R — R.
EXAMPLE 7.1 o(z) = 2%, = € R.

EXAMPLE 7.2 p(z) = —2%, = € R.

EXAMPLE 7.3 p(z) = 23, = € R.
EXAMPLE7.41
T __<x§_7an_1a2a )
n n
e(r)=1¢0, =0,
1 1 1
) <$§_7n:1727
L n n+1 n
EXAMPLE7.51
T __<x§_7an_1a2a )
n n
p(x)=10, x=0,
1 1 1
) §$<_7n:1727
. n n+1 n
EXAMPLE 7.6
' -I—l( -I—l) 1< < 1,2
— 4+ —(x+ — ——<zrx< — n=
n  n? n’’ n - 1’ I
p(z) =10, r =0,
1+1( 1 ) 1 < <1 19
— —r — €T —_— n —
L n  n? n+1"7 n+1 —n’ T




Examples 7.1, 7.2, 7.3 are traditional examples of stationary points.
The functions in Examples 7.4, 7.5 are piecewise constant. In both
cases £ = 0 is not a point of local minimum. But in every its neigh-
borhood there exists a point of local minimum. The function in Ex-
ample 7.6 is discontinuous and piecewise linear and it does not have
local minimums at all.
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