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1. The generalized Euler equatinn Let X be a Banach space and let 2,,8;,...,14,
(n = 2) be nonempty closed seis in X. The following definition was introduced in {12} (The current
formulation follows [4]).

The system ofsets Gy, §=1,2,...,n, is called extremal, if N, Q% # © and there exist such
sequences {ai} C X, i=1,2,...,n, converging to zero, that if:‘tlﬂ.-; = @, where Q; = Q;—al =

{z - ai:z e}, i=12,...,n, k=1,2,.... Any point z € i'in" is called an extremal point
of the system of sets §;, i=1,2,...,n -
The concept of exiremal system characterizes mutual arrangement of sets in space. In case of
an Asplund space it iz peasible to formulate & dual eriterion of extremality (see [4, 12, 13, 15, 16]).
Theorem 1. Let X be on Aspiund space and let = be an extremal point of the sysiem of
sets 2, 1= 1,2,...,n. Then foreny € > 0, & > 0 there are such elements =} € f;";[:]ﬂ;}.
i=1,2,... gL that

Iz} + 25+ .. k2l <6, | (1)

Al et + e el =10 ' (2)

In theorem] the ﬂricf: § -normal mnes are used. They are defined as fellows

(=) = | JI¥ (u]d) : u € cI2n By(z)],

N(zl) = {z‘ € X" limsup f:l_u-:—x_i- uj

=g

If » =2 theorem 1 can be viewed =23 a certain generalization of the classical separation theorem
for convex sets. The condition (1) is called the generalized Euvler equation.

Asplund spaces form a rather broad class of Banach spaces. It includes, in pa.nlcular, ail
Banach spaces with Fréchet differentiable renorms and all spaces with ﬁepd.rabla duals. Theorem 1
gives extremal characterization of Asplund spaces. In fact this characterization is necessary and
sufficient for 2 space io be Asplund (see {15]).

The generalized Euler equation was used in [4 -~ 7, 12, 13, 18] as the basic toal for deducing the
ralculus formulas and nevessary conditions uf an extremum, replacing thus tLe traditional separation
theorzm.

The znext result generalizing the Bishop-Phelps densily theurem follows immediately from theo-
rem i.

Cerellary 1.1, Let X be an Asplund space, let @ bz a closed set in X, ond let 2 be a
boundairy point of Q. Then Ny(z|Q) # {0} for any & > 0.
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2. Extremal sets systems (case n = 2), The generalized Euler equation gives ﬂ.ecgaaa.r:-.r
extremality conditions for systems of sets. It is 2lso true for some systems not being extremal in
the sense of the above definition. It is of interest to find out for which pessibly broader class of sets
the generalized Euler equation is valid.

First we shall consider the case n = 2. Following [9] let us mtraduce for sets 0, and 13 a
constant

6(f, ) =sup{r > 0: B, C Q; - 2}, (3)

describing the measure of their “overlapping”. The difference of sets in (3) is understood in the
algebraic sense: Q= ={wi—wy: v €Qpu M) Incase {r>0: B.CQy— )= 0
we shall write 8(5,,0;) =0.
Let us say that the sets £,,0; form an extremagl sysiem in a neighborhosd of a point z € ,Nf,
i ' '
i inf [0 —w]n B, [ —wiln B,) — @)
wy By, wgidily g

iy
—rd

Let us introduce two local constants based on (3):

E(ﬂhﬂ,] L mf'ﬂ{HIHB(Ij; H;HB,(,, ),-. . {5)

(0,0 = _Lmint 00—y, B — i), | ()
WS, e

Then condition (4) is equivalent to the equality §,_.{ﬂh D) =0.

If the system of sets £2,,{); is exiremal in the semse of the definition of zection 1 {wh_'ﬂa. is
obviously equivalent to the condition 8(0, ) = 0), thﬂ sets (1,0, fr::r_n extremsl system in’ a
neighborhood of a point z.

In general, the definition (4) differs from the pravious in two irmportant moments. Firat, it is
raquired not strict “nonoverlapping” of sets but up to an indefinitely small deformation (see (3)).
Second, the sets can “nonoverlap™ not in the point z: it is suflicient that in any its neighborhood
there exist such points wy € £y, wy € N3, that ths sets Q) —wy, 0, ~ wy “almost nonoverlap”
(see (6)). .

In the convex caze the definition uf extramality of sets takes a natural form.

Proposition 1. Let {2),0; be conver sets, intQ), # @. The sets Q,,0; form an estremel
system in a neighborfiood of @ point 2 € QN ifand only if O, NintQy = @ .

The definition (4) is a restatement of the requirement, that a function (w,
Q0 x 3 — X not covers [8] in a neighborhood of a point z. Application of a alight modification
of the covering theorem fromm (8] gives the following re:n:tlt reprasenting some generalization of the
separztion thecrem.

Theorem 2. Let X b= an Asplund space. The sets Q,,0, form en extremal system in a
neighboriiood of a point = t_;’ and only if for any § > 0 there exists @ nonnwil element z* € X
such that z* € Ng(z|fy), "€ N;{z;ﬂz

The above theoram can serve 28 a tool for deducing neceszzry and sufficlent conditions of “almost
extremality” in various extremal problems.

3. Extremal sets systems (case n > 2). Let us say that the sets i =1,2,iin;dorman

exiremal systeim in o neighdorhoed of & point z i the sets ), = Il S rmu 0, = (w0, ) €
X"} form an extremal system in a neighborhood of a peint (z,z,...,2) € X",
Let us denote [ = {1,2,...,n}, The foliowing propositicn gives an eguivalent definition of the

extremal sets systerm, .
Proposition 2. The sets §;, 1 € I, ferm en extremal system in a neightorheod of a point
z if and only if forany j € I thesets Qy = [T O and {; = {{ww,...,w) e Xm 1 w e )

AN
form an eztremal systern in d neighborhood of a point {z,z,...,2} & X1,

The following theorem gives dual criterion of extremality (the generalized Euler equation).
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Theorem 3. Let X be an Asplund space. The sets Q;, i = 1,2,. e form an extremal
system in & nc:gﬁfmrﬁaﬂd of a point = if and only if for any § > 0 thers exist such elemenis
z; € Ni(zj:), i=1,2,...,n, that conditions (1), (2) are irue.

4. The covering theorem. When proving dual extremality criteria the central role is played
by the covering theorem [8 - 10], which can be viewed as a some generalization of the cassical
open mapping theorem to the case of a set-valued mapping. It also generalizes and strengthens

the corresponding result in [2]. For investigating extremality problems the fnlluwmg equivalent
formulation of the covering property is convenient.

Let us consider an upper semicontinuous set-valned mapping F: QY (its graph G(F) is
closed in X x Y ). Let us denote :

dp(u, v, p) = sup{r> 0: B.(v) C F(&in B,(u))}. 1 : - (7)

In case {r > 0: B.(v)C F(1N B,(u))} = @ we shall write ir(u,9,2) = 0.
Let us-say, that a set-valued mapping F covers (at a linear rate [14]) in a neighborhcod of

(z,9) € G(F) if ,

liminf 22{%%8) 5 g " (8)

mmms) P - .

s =

For characterizing the covering property the following constant is used |

br(z,) = ;,‘;EM{H:'H-: =€ §:F(z,yiv') Ilvll. = 1}, '- (EJI

where §;F(z,y;-): Y* — X* is a strict § -coderivative of F at (z,y). It is defined by the equality
8 F(z,y;v") = {=" € X" : (=*, -1") € Ni(2,91G(F))}.
Theorem 4. Let Y be an Asplund space. Then F covers in a neighborhood of (z,y) € G(F)
if and only if be(z,y) > 0.

In case of an ordinary (single-valued) continuous mapping f: 2 — Y the following constant is
used in the definition of the covering property instead of (7):

§;(u,p) = sup{r > 0: B,(f(w)) C f(QN B,(+}},
and in the formulation of the m".rering_ criterion instead of {Q} it is necessary to use a constant
by(z) = E1ur-!ﬂuf{EII ot 2* €87 <y, f > (2), Iyl = 1}. - (10
In (10) the fr:rl'i{:-mn" notations ars used:

} <y, >@E)=<y, fu)>, veq,

b7elz) = J[0 (ete)(u): uecn By(z), leie(u) - o(z)l < 68}, (11)
5“9:{3}:{:' € X" : limin {F{t.;} —I’F(Z::_{:E.r?._ z } 2 Ei} . (12)

The sets (11), (12) are called a.ccmdmgl_; a strici lower 4 -semidiffereniiol and a lower semidifferen-
tial of p: 1 — R at =.

Theorem 5. Let Y le an Asplund space. Then f eovers in @ neighborkocd of z € 1 4f and
only if b(z) > 0.
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