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A. 2. KPYTEP

CTPOTHE £-IOJNYIHPDPEPEHIIMAJIBL
H YCJIO0BHASA 3KCTPEMAJBHOCTH

(MMpedcmasacno axademunon H. B. Fudwunos)

Jns HeAWHeHHBIX ONTHMH3ALMOHHEIX 330384 XapaKTepeH pasphlB Mexkay Heob-
XOAHMBIMH KU JOCTATOYHLIMH YCAOBHAMH ONTHMAALHOCTH. Hixe npennpaam.a-
eTCs NOMLITKA, OTTANKHBAACH 0T Heobxomimsix yeaosuil (B aBolicTBenHOR (opue),
chopmya4poBaTe BO3MOXKNO osee 0GIICe NOHATHE ONTHMAALHOCTH, L5 KOTOROrO
AatiHble YCAOBHA OCTAIOTCH BepHLIMH. Ha 3Tom nyTH npuxXoaHam K abcTpakTHoMy
NOHATHIO SKCTPEMANBHOCTH, & HeoOXoaHMble YCN0BHA CTAHOBATCA AOCTaTOMHbIME,

1. Myete Q — MEOXecT80 B G2nax0B0m npocTpaHeTBe X, @ — (YHKUMA W3

Qs8R xeQ &2 0. Muokecrsa
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Ha3LIBAIOTCH COOTBETCTBEHHO HUNCHUM E-noayduddepenyuaion u cmpoaus
nuscHuAt €-noayduggeperyrason GynKudY ¢ 8 Touke X, 3aech cumsoa X*

o603Ha4yaeT NPOCTPAHCTBO, TONOAOTHYECKH conpaxentoe Kk X, a ci”qx = noay-

' HeNpepLIBHYIO CHU3Y 0G0104KY (YHKUMH ©.

Cmpocui gepxnul €-noryduepenyuan MoXHO ONPeALaUTL PARCHCTEOM

Arolx) = -85 (—)(x). Muomectso aig(x) = é;:p{,ﬂuég-[pfﬂ HA3LIBACTCR CMpo-
2um €-Qupepernyuarosn QYHKUHK @ B TOYKE X.

Crporue €-nonyardeperunans BBEIeHb B [1]. Oun npeacrasanior coGoil
HEeKOTOPLIE aHaA0rH CTPOroH Mpon3soaHol. Bynyuw HeBBINYyKALIMK, CHI ABIA-
joTca §oJiee TOHKHMHE JOKAABHBIMH XaPaKTePHCTHRAMH (PYHKUHH NO CPaBHCHHIO
¢ ofobutennsini rpandentamy P, Knapra r 2] u MPOKZBOAHBIMH MHOKECTBAMI
piv-8 Bapm [3) u npu 3ToM 032212107 AOCT2TONMO Pa3BUTHIM McHHcacHHen (e,
[1, 4]). C ncnoab3oBaHHeM CTparNX €-noayinddepeiLnanos MOHHO CNPeLeaUTh
npedebHLIC KOHCTPYKUMA — cOoflieHrsie JugipepeHllnadiil, KOTOpEIE HCNOAL30-
paauch 5 [5—11).

BregeHHLIM NOHATHAM OTBCUAIOT COOTBRTCTBYIOWMNE FEOMETPHYECKHE 0D BCK-
Thbi: AtHOJCECME0 € -HOpMa.ted

N (x]Q) = 1x" € X*:lim sup(r- x) g (3)
u-3x =X |
1 st}



H CMPOEoe MHONECMEo € -Hopmaaei
f:fa(x|§l}== U{NS{MICIQ}:H Eclﬁﬂﬂs{x}] (4)

K MHOMNECTBY {) B TOWKe X.

PaccMoTpHM MHOFO3HauHOe oTobpaxenne F:€2 — 27 ¢co snauenuamu B Gana-
xoBoM npoctpaHcTee Y. Ero rpadmx ofosrauaetca cumeosom G(F). Beepewm
MHOMECTEO

0,F (e, i y*) = {x* € X*:(x* —y*) & N, (x, g1 G(F)} (5)

3neck (x,y) e G(F), y* e¥Y*, ¢ = 0. Pasenctzo (3) onpeneaser cmpoaoe ¢ -co-

NPAZCEHHOE MHOTO3HANHOE OTodparedHe é‘EF{x.y:-}: ¥¥* = X™ x oroOpame-
suio F B Tovke (x, y).

Mycts orobpamenne £:Q — 27 nonynenpepusHo csepxy (ero rpaguk G(F)
samxuyT 8 X x V). Bynem rosoputs, uto F naxpusaer [4, 9, 10] & OKPECTHOCTH
(x,y) e G(F), ecay cyuwecTsyer Takoe uyneao a > (0 W oxpecrHoctd U u V
TOUEK X M Y COOTBETCTBEHHO, uto aas aodeix 4 € Q\U, v e Flu)NV momuo

ykasath Takge wucno r > 0, uro FIQNB (1)) > B, (v) ans seex p, O<p<r.
Ilnsi XapaKkTepHCTHKH CBOMCTB2 HAKDPBIBAHMA MCTOAL3YETCA KOHCTAHTA.

belx, y) = sup [n[{”x*H*:x* € Es‘ﬂF{x,y; gt Hy*[L - 1}_
g=0

Teopema 1. [Mycme YV = eradxoe npocmpancmao. Omobpancenue F
naxpeisaem 8 oxpecmuocmu mouky (x,y) € GIF) mozda u moasvko mozda,

koeda bel(x,y) > 0.

B dopmysmposKe TeopeMbl | Henonb3oBaHO ONpefeneHue: GaHaXOBO MPOCT-
PE&HCTBO Ha3blBARTCH MIdiKKM, ECNH B HEM CYUIECTBYET 3KBHBAJIEHTHAA HOopwma,
nxddeperunpyenan no Ppelle BO BCEX HeHYNEBLIX TOUKAX.

2. Beepem ans MHowecTB {4 M )y B HOPMHPOBAHHOM NMPCCTPAHCTBE KOH-
CTAHTY

8(£2),82) = suplr > 0: 8, « @, — Oy}, (6)

XapaKkTepHIYIOWYIO MEPY HX “HepekpeiTHa’.
PasuocTs MHo®ects B {6) noHumaeTca B anrefpanueckoM cMBICTE

ﬂl—ﬂg ={CIJ] —mg:ml Eﬂt, CI:}E Eﬂg}.

IyeTs 3 1M — 3aMrHyTHE MHOMeCTEA B GAHAXOBLIX NpocTpaHcTBax X u Y
cooTseTcTEeHHO, f — diynxuun ua Q 8 Y. Bynem cuurats ee M-noayuenpe-

prisHoil. IMocaeanee o3HadaeT, YTO MHOrO3Hauxoe oToGpamenue F 0 — 27,
3a1anKoe QopuynoH

Flu)= flu)-M, ueq, (7)

[ORYHENPEPLIBHG CBEPXY.
Touna x naswsaerca (f, Q,M)-axcmpenassrod, ecnr x e Q, f(x) e M o
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elflQNB, (u) - flu) M-v
lim inf ] p( L ]-:D. (8)
pel) veM p
u=rx, u-flul=0,
p—+0

[lpusepeHHoe onpeneneHHe ABJAAETCA HEKOTOPOH MOAH(HKALHEH COOTBETCT-
syiomux onpefenesni u3 [6, 7, 9, 10]. B orauune ot u3BecTHBIX a6CTPAKTHLIX
MOHATHA 3KCTPEMAJbHOCTH B MDUBEASHHOM Bhille OMpejefeHHH He jefaeTch
HHKaKHX NPEANONOMKEHHH © BLINYKIOCTH MAH TEAECHOCTH MHOXecTBa M.

[MoMHMO ONTHMAALHLIX TOYEK B TPaNWUKOHHOM cMbicae ycaosuio (8) yaos-
AeTs0pReT UeAbIA Knace "MouTH ONTHManbHuX" Toyex. Tax, 8 cayuae ¥ = R,

Q=X, M=R_ (sagaua Ge3ycNOBHOH MMHUMH3aUH) Touka x = O Gymer
(£.£2, M) -3KcTpeManibHOR, eCan QYHKUNS [ 3alaka, HaNPHMEp, OLHHM M3 Caeayio-

mux esipaxennii: f(x) = 22, flx) = —x2, flx) = 23,

3. CMbica YCAOBHI, Y4aCcTBYIOUMX B GOPMYAUPOBKE ONpPEAENeHiR IKCTPeMab-
HOCTH, CBOAHTCA K YTBEPHAEHHUIO, 4TO 0ToOpaxenue (7) He HakpbIBaeT B OKpeCT-
Hocty ToukH (x, 0).

[TpumeHeHHe Teopemsl | NDHBOAMT K CAeIylOWeMY Pe3ynbTaTy.

Teopema 2. /Jycme Y = caadkoe npocmpancmeo, Towxa x AgAREMCR
(f. € M) -3kcmpemaavroti moeda u moavro mozda, koeda x €, flx) eM u

gdan awboeo £ > 0 cywecmsyem sremenm y* e ¥Y* maxoii, wmo
[ Y E

0e E‘JEF{x.D;y*}. (9)

2de omobpancerue F zadano gopmyaci (7},
l*f, =1 - (10)

CdopMmyaHpoBanHas TeopeM2 flaeT o6WMe YCAOBUA IKCTPEMaALHOCTH. De-
MEHT y* MOJHO PacCMaTpHBATh KaK aHanor BeKTOpa MHoMWTenedt Jlarpauika g
KIACCHYCCKON 3aaade HenHHelHoro mporpammuposanud. Yehosue (9) saeuer
YcnogHe

y* & N (fLl M), | (11)

KoTopoe 06o6iaeT orpanHuetia Ha 3HAK MHOXKHTENeH M YCA0BHA AONOAHAIWEN
HEeABCTKOCTH.

[Tpy AONONHHTENLHOM MPEANOJ0MKEHHH AHIWHUEBOCTH H3 Teopembl 2 BhITE-
Kaet CAefyoUMid peayanTaT.

Teopema 3. Tycmo ¥ — eaadxoe npocmpancmeo, pynkyun Q=Y
yGosaémeoprem yeaoguio Jlunuwnya 8 oxpecmuocmu mousy x. Touka x Agan-
emecs (f.Q. M)-sxcmpesasoroti mozda u moasko moada, koeda x € Q, f(x) e M
u dan awoboezo £ > 0 cywjecmeyem aaemenm y* e Y* maxod, umo

0 e d; (g™ lx), (12)

u aoinoanaiomen yeaosus (10), (11).
Yenosue (12) o6o6iwaet TpanHuMoHHoe NpaBHao MHOKuTeneil Jlarpanxa.
4. B KauecTBe NPHAMEPa NPHMEHEHHA NPHBEACHHLIX BbIle 30CTPAKTHLIX YCJIO-
Bl IKCTPEMAALHOCTH PACCHMOTPHM CACAYIOWYIO 32434y ONTHAHIALHI:
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9g{u) = min,
f[(ﬁ] € M|.
hlu) =0,

u el

(P)

3neck © u M| — 3aMKHYThIe MHO)KecTBa B 0aHaxoBuIX npocTpadcTBax X u V|,
a ¢, fi. b — dyHxuuH cootsercTsenHo 3 X B R, 3 X8 Y, uz X e Y.
Bynewm cuntats, uto faHaxoew: npoctpakcTsa Yy, Yo RBASIOTCS IMaAKHMH, 2 DYHK-
UMH @q. f. 5 YAOBAETBOPAIOT ycoeuio JIHAWHLA B OKPECTHOCTH TOuKH X € Q.
Ecau Touka X IBASETCA JOKajJbHLIM pelendeM 3agaus (P), To oua Gynert,
oueBHAHO, (f,Q, M)-3KCTpeMabHOH, £CAM NONOKHTS

f=(pg—0g() . hrQ > RxY xYy. M=R_xM x{0}c Rx¥ xY.

Mpumenenne Teopemsl 3 NPHBOAHT K CASAYIOWEMY Pe3yabTaTy.
Teopewma 4. [lycmo x — aoxarsnoe pewenve 3adavu (P). Toeda dan

2106020 € > 0 cywecmsyem saestenm y* = (Ao, y',y3) € Rx ¥y x Yy, maxod,
wmo R

Ao 2 0, (13)
b e N (i ()| M), (14)

u gvtnoanaomes ycaosus (10), (12). iy

[Mepsoe u3 orpanuvedHuit B popmyanposke 3agaun (P) B TpapgHumoHHO#H
NOCTAaHOBKE COOTBETCTBYET OrPaHHYeHHAM Tuna HepasencTB. Bmecrte ¢ Tem B
dopmyanposke TeopeMmsl 4 oTcyTcTBYeT TpeGOBaHME TeNeCHOCTH MHOXKECTBa
M. Dto czR3aHO C TEM, 4TO YCIOBHA 3KCTPEMyMa QOPMYAHPYIOTCS B aNNPOKCH-
maTHEHO{ topme. Takum obpazom, neppoe orpaHU4YeHHe MOMET BKMIOYATL B
cefa W OrpaHHYelH” THIA PABEHCTB.

M3 Teopemb 4 MOKHO BLIBECTH YCNOBMA ONTHMAaNBHOCTH ANA CTAHAAPTHOH
3afayM HedMHeilHoro NporpaMMiKpoBaHKA C OrPAHHYEHHAMH THNAa PaBeHCTB H
HEPABEHCTB.

I qju{u}—} min,

pl2) <0, i=12,....m,
p{u)=0, i=m+1l,.. .m+n,
noe

(R)

Byzem cuuTath, 4TO Bee QYHKUHH @ i=12,....m+n, yI0BACTBOPAOT
ycaosxio JIHmwHua B OKPECTHOCTH TOYKH X €{), M PaccMOTPHM (PYHKUHIO

f= {fP;.{P-z.-.,.q'.-"‘,*_”}; Q) — pm+asl

Teopema 5 [Mycmv x — roxasvroe pewenue sadauu (P)). Toeda dan

atoboeo € = 0 cywecmayem saemenm y* = [15.11, g Rl magoj,

Hmo
h Ko w0 b0 o, (15)
hpi(x)=0, i=12..,m, (16)

u gotnoansiomes ycaosus (10), (12).
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Yeaosus (18) (npu i > 0), (16) nonyuaiotesn B pesynsrate pacwndposkn
yenoeua (14) ana cayuas, korna M = R,

[TpaBuno MHOXHTENEH, KOTOPOE COAGPIKHMTCA B (HOPMYNHPOBKE TEOpemMbl 5,
MOXKeT ObiTh MePePOPMYAHPOBAHO B TEDMHHAX CTPOrHUX € -MoAyAH(depeHunanos
OTACALHBIX PYHKUHH.

Teopewma 6. [Tycme x — aoxarenoe pewenue 3adasu (P|). Tozda das

arobozo ¢ > 0 cywecmeyem anemenm y* = (hg,X,..., Ay, ) € RM makoi,
4mo

0e Y A0 0+ 3 al50,()U(=5r0. ()] + N.(x]Q), (17)
iwl) i=m+l

A; 20, i=01...n,

u goinoansiomes ycaosus (10), (16). :

B otanune 0T KJaccHYecKoro npaguaa muoxuTenei JlarpaHxa 1 H2BeCTHEIX
ero 0GoBLeHHi PH 3aNHCH Npaskia mHoxMTenel (17) paBeHCTBAM M HepaBeHCT-
saM (M KpHTEPHIO Ka4ecTsa) OTBEYAICT PA3NUYHBIE MHOMKECTBA — aHANOTH Npo-
H3soaHoM, [ng onucanua orpaHiyeruit THNA PABENCTEA He AOCTATOYHO HCMOJL-
30BAHKMA TONLKO CTPOrHX HHXKHMX £-monyauppeperuunance, 1o o6bACHACTES
CreunuKroi orpannyeduit Tuna pasexcte. Jns WX aHanM2a HeoOXOAUMO Y4M- -
ThIBATh "Aupeperinanbrsle” c80icTEa DYHKIUMHA KAK CHH3Y, TaK M CBEpPXY, KOTO-
pble B HeryiaiKoM Cly4yae MOTyT 0KasaThCAd CYLWIECTBEHHO PaanuyHEIMH, KpoMe
Toro, B GopMynHpopKe Teopems 6 yTeepxkaaeTCH HEOTPHUUATENLHOCTD BCEX MHO-
wuTened (oTBEYAIOUWIHX KAK HEePABCHCTBAM W KPHTEPHIO KauecTsa, TAK M
pasexcTsam). 3TO CBA32HO C 0COGEHHOCTLIO NPHHATON 3anucu ycaoeus (17):
CTPOrHe BepXHHE E-NoaysH(@epeHlHass BXOIAT B HEr0 CO 3HAKOM MHHYC.

Mpasuno mMHOMHKTEAEH MOMHO chopuyaHpoBaTh B 6018€ NMPUBLIMHAOM BUIE,
ecAH BOCNOAb30BaTLCA MOHATHeM cTpororo &-audieperunana.

Teopema 7. /lycme x — roxkaronoe pewenue sadauu (P)). Tozda dan

atoboeo & > 0 cyumyecmayem aaemenm y* = (hg, Aj..... hpy,) € R maxod,
ymo

" - n X -
0 e ra0,(0)+ Y 180,(0)+ N (x|Q),
i=0 =+l

-
¥ i

w aotnoansiomen yeaosus (10), (15), (16).

B QopmyanpoBke Teopenbl 7 Tak yKe, KaK B B NPeALAYULEH, YHacTBYIOT ABad
paszHLIX aManora MpoM3BOAHOM. CTPOTHC HHMHHE &-nodyauddepeHuransl H
CTporue €-upheperuuans,

OtmeTdn, 4To Teopema 7 naet, soodule rocops, Godee cirabole HeoGXOAHMEIE
YCJAORBHS ONTHMANLHOCTH NO CPaBHeHMIO ¢ Tenpemoi B, 2 T4, B CBOID QYEpens,
SBJAETCA HEKOTOPBIM OcnalneHHes Teopens! 5. B cayyae BrIYKALIX HAK CTPOTO
nufdeperunpyeMblX PYHKUHA YNOMAHYTLE PE3YAbTaTLl, OHCBHAHO, IKBHBANEHT-
Hbd. :

[IpnBeseqybie Bullle TeOpeMb 0606Wal0T ¥ yeuauBaioT pesyastarsl P. Knap-
xa, JUk. Bapru, JK.-B. Xupnapt-Yppyru u apyrux asropos [3, 6, 7, 9—~14].

PadoTa esinoaneHa npu noanepixe Pouga PyiAaMCHTAALIBIX HCCABAOBAHHURA
PecnyGanxkn beaapyce.

Summary

New abstract extremality notion embracing various solution notions for optimization prob-
lems is introduced, Mecessary and sufficient extremality conditions are stated in 1erms of strict

g =semidifferentials and strict sets of £ -npormals.
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