
ri = bi and qi = qi -- I for r i = 0. For every iEl we then have a i = bi~ i + ri and hence 
a = bq + r. Moreover, for every i~l we have ~i2i ~ ~ibi together with ~s~s < Csbs for at 
least one s~[. Since the ordering in W is lexicographic we then have (r < (r and 
therefore ~r < ~b. Hence a=f~q+r, ~r<~b and rER(K)0 Consequently, ~ is a right r- 
Euclidean algorithm of the ring K. 

If I = N and K i = R (ii~N) each of the rings K i is Euclidean, but this is not true for 

the ring K = ]~ Ki = R N �9 In other words, in Theorem 3 the requirement "F-Euclidean" cannot 

be replaced by the condition "Euclidean" for the rings K and K~,i~l. 

1 �9 

2. 
3. 

4. 
5. 

6. 
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PROPERTIES OF GENERALIZED DIFFERENTIALS 

A. Ya. Kruger UDC 517.988 

The aim of the present article is to investigate the properties of generalized differ- 
entials [I] of nonsmooth and nonconvex functions in a Banach space. The above-mentioned 
generalized differentials are developments of the appropriate constructions from [2-4]. They 
are used for the formulation of necessary conditions for optimality in nonsmooth and nonconvex 
extremal probelms [2, 5-9]. 

At present there exist several different generalizations of the notions of derivative 
and subdifferential in the literature, among which Clarke's generalized gradient [10, 11] 
is most widely propagated in the theory of nonsmooth optimization. The popularity of the 
generalized gradient is elucidated by its successful properties, which enable us to establish 
the analogues of many facts of the classical differential calculus and subdifferential cal- 
culus of convex functions [10-17]. Together with them, as observed by some authors [18-20], 
in many cases Clarke's generalized gradient turns out to be too wide a set and the results, 
formulated with its help, are quite rough. 

The generalized differentials, to be studied in this article, being nonconvex, are finer 
local characteristics of a function in comparison with Clarke's generalized gradients (and 
Varga's derived sets [18]). In addition, it has been possible to obtain a series of rela- 
tions, analogous to the corresponding results of Clarke's theory, for them. 

Many relations can be written in the form of inclusions, as for Clarke's generalized 
gradients. Thus, in the case of a sum of functions the fundamental formula has the form 

D- (~  + ~2) (x~ ~ D-r176 D- ~(x~ 1) 

In the general case, equality does not hold in (I). This fact is characteristic for general- 
ized differentiation (in some sense) in general classes of nonsmooth functions. The inclu- 
sion (I) enables us to decompose the elements of the generalized differential of a sum of 
functions in terms of elements of the generalized differentials of separate functions. By 
virtue of this fact, the inclusion (I) can be used for the analysis of nonsmooth functions 
and deduction of necessary conditions for extremum in nonsmooth optimization problems. 

Minsk. Translated from Sibirskii Matematicheskii Zhurnal, Vol. 26, No. 6, pp. 54-66, 
November-December, 1985. Original article submitted September 28, 1983. 
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In this article, we also give relations for the generalized differentials of maximum and 
composition of nonsmooth functions and the generalized mean-value theorem. Similar results 
for approximate subdifferentials have been established by Ioffe [21], who has also shown that 
the lower generalized differential, to be defined in Sec. I, is the smallest set among all 
possible generalized derivatives that have natural properties. 

Definitions of the generalized differentials and generalized normals are given in Sec. I. 
The main properties of the generalized differentials are proved in Sec. 2. The inclusion 
(I) is proved in Sec. 3. 

In this article, we use the following notation and:a:bbreviation. We denote the topolog- 
idal adjoint of a Banach space X by X* and the norms and ~he unit balls in the initial and the 
adjoint spaces by II.ll, ll.il, and B, B*, respectively, and the bilinear form that defines the 
duality between the spaces by <-, .>. The adjoint space is assumed to be equipped with the 
weak* topology. The symbols int and cl denote the interior and the closure, respectively 
(the closure of a set in the adjoint space is understood as the set of all weakly* limit 
points of bounded sequences of elements of this set). The sum of sets and product of a set 
by a number are defined in the following manner: U+V={~+v:a~U, v~V} , and aU={~a:a 
U}, where a ~ O; if U = r and a = 0, then 0r = {0}. The operations over functions are de- 
fined in the usual manner. In this connection, it is assumed that (+~) + (-~) = +~ and 0 • 
(• = O. The maximum of two functions ~ and ~ is denoted by ~V~. 

t .  Fundamental Definitions 

Let X be a real Banach space, cpbe a function from X into the extended real line R = 
[--~, co] that is finite at a point x ~ and ~ be a nonnegative number. Let us consider the sets 

O~(xO)={x,~X,:liminf ~ ( x ) - - ~ ( x ~  x * , x - z ~  } 
~ ~  !f ~ - x ~ IJ " > 1  - ~ ' ( 2 )  

D-~(x ~ = fl cl U [O; (cl ~ ~ o ) ( x ) : x ~ S g ( x " ) ] .  (3)  
e > o  

H e r e  cl:~ i s  t h e  l o w e r  s e m i c o n t i n u o u s  h u l l  o f  t h e  f u n c t i o n  ~P ( e l  $ ~ ( x ) = l i m i n f  (p(y), x~X~ 
y-~x ! 

and  B$ (z~ = Ix ~ x~ + eB : ! d ~ ~ (x) - -  ~ (x o) ] = e}. 

The set (2) is obviously convex. It is called the lower ~-semidifferential of ~ at the 
point x ~ (we will omit the suffix c for g = 0). If q0 is Frechet-differentiable at x ~ then 
the set a-~(x ~ reduces to the derivative. If ~ is a convex function, then this set coin- 
cides with the subdifferential of q0 at the point x ~ in the sense of convex analysis [15, 19, 
22, 23]. In addition, aT~(xO)=8-cp(xe)q-eB * in both the cases. 

The set (3) is called the lower generalized semidifferential of the function ~ at the 
point x~ In distinction from the lower e-semidifferential (2), the lower generalized semi- 
differential (3) does not change if any other equivalent norm of X is used in its definition. 
If q) is continuous in the neighborhood of x ~ then Eq. (3) is obviously simplified: 

D - ~ ( x ~  = n el U [O:r : x~x~ (4) 
8>0  

Let us observe that the set (3) can be nonconvex. Thus, for the function c p ( x ) = - I x J ,  x ~ R  , 
we have D -(p(0)---- {--i, i}. 

The sets O+r ~163 ~ and 

D+~ (x ~ = - -D-  ( - - r  (x ~ (5)  

a r e  c a l l e d ,  r e s p e c t i v e l y ,  the upper r ( t h e  s u f f i x  ~ i s  o m i t t e d  f o r  s = 0) 
and  the upper generalized semidifferential of the function ~ at the point x ~ . I t  i s  e a s y  
to write out explicit representations, analogous to Eqs. (2)-(4), for them. 

The following inclusions follow from Eqs. (3) and (5): 

D - ~  (x o) = a-m (x~ ( 6 ) 
D+~ (x o) = a+r (z~ (7) 

If equality holds in the inclusion (6) [the inclusion (7)], then the function q~ is said to 
b e  lower (upper) regular at the point x ~ 
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The sets (3) and (5) can be simultaneously nonempty. In addition, in distinction from 
Clarke's generalized gradient, they do not, in general, coincide and are not contained in one 
another even for Lipschitz functions (see examples in [4, 9]). The union of the two general- 
ized semidifferentials 

D~ (x ~ = O - ~  (x ~ U O+~ (x ~ ) ~ ~ 

i s  c a l l e d  the generalized differential of the function ,p at the point x ~ . 

Certain definite local characteristics of nonconvex sets correspond to the above-de- 
scribed constructions of generalized semidifferentials of nonconvex functions. Let ~ be an 
arbitrary set in the space X and xe~el~. Let us consider the sets 

I <x'x x~ 1 N~(xelQ) = x * ~ X *  : ! i m s u p  

n u [ N ~ ( x l Q ) : x ~ c l ~  I1 (x~ eB)]. (10) 

The s e t  ( 9 ) ,  t h e  s e t  o f  e - n o r m a l s  t o  t h e  s e t  Q a t  t h e  p o i n t  x ~  i s  c o n v e x .  Fo r  g = 0 (we 
o m i t  t h e  s u f f i x  e i n  t h i s  c a s e )  i t  r e p r e s e n t s  a c o n e ,  w h i c h  i s  c a l l e d  t h e  normal cone. I n  
t h e  c a s e  o f  t h e  c o n v e x  s e t  ~ ,  a s  i s  e a s i l y  o b s e r v e d ,  i t  c o i n c i d e s  w i t h  t h e  n o r m a l  c o n e  i n  t h e  
s e n s e  o f  c o n v e x  a n a l y s i s .  The s e t  (10)  i s  a l s o  a c o n e ,  p o s s i b l y  n o n e o n v e x .  I t  i s  c a l l e d  
the generalized normal cone to the act fi at the point x ~ The elements of the cone (10) are 

called the generalized normals. 

It follows from definitions (9) and (10) that 

N,(z, iQ)=N,(xOlcl~), K(xOt~)=K(xOlcl~), ( I  I )  
K(x~ ~ N (x~ (12) 

If equality holds in (12), then we will say that the set ~ is regular at the point x ~ 

Let us observe that the sets (9) and (10) coincide, respectively, with the lower g- 
semidifferential and the lower generalized semidifferential (or the generalized differential) 
of the indicator function~ of the set ~U{x ~ at the point x ~ Thus, the notion of the gen- 
eralized normal cone may be considered as derived from the notion of the lower generalized 
semidifferential. At the same time, as the following theorem shows, the reverse connection 
also exists between these notions: The lower generalized semidifferential of the function 
can be defined in terms of generalized normals to its epigraph E(cp)={{x,~)~xxR:~p(x)<~t} 

or to its graph G(q))={(x ,~)~XXR:~(x)=p,} .  

THEOREM I. The following representation is valid: 

O - ~  (x')  = {x* ~ X* : (x*, -- 1 ) ~  K (x ~ ~ (x ~ ) I E ( r  }. ( I 3 ) 

I f  ~ i s  l o w e r  s e m i c o n t i n u o u s  i n  t h e  n e i g h b o r h o o d  o f  t h e  p o i n t  x ~ t h e n  t h e  s e t  E ( ~ )  i n  Eq. 
(13)  c an  be r e p l a c e d  by  t h e  s e t  G(~)-  

Proof. Let x*~D-~(x~ By definition, there exist sequences {x~}~X, {x~}~X*, and 
{e~}~R+ such that x%~a~(cl;~){xk) for k = I, 2,..., and xk-+x ~ CI~qD(Xk)--~Cp(X~ and ~k § 0 
as k § ~, the sequence {x~} is bounded, and x* is a limit point of it. Since IIx--xk[I<~!I(x,~)-- 
(x k cl~p(xh))ll for all {x,B)~XxR , it follows from the definitions (2) and (9) that (x~, 
--1)~Ne~(x~,: cl~r for k = 1, 2,...; whence, by virtue of (11), 

(x*, - - t )  ~ K (x ~ ~ (x ~ IE (~)) .  (14)  

Conversely, let condition (14) be fulfilled. Then there exist sequences {x~, .~}~clE(~), 
{x~, ~ }  ~ X* X R, and {e~} ~ R +  s u c h  t h a t  (x~, %~) ~ N ~  (x~, ~ l  E (~)) f o r  k = 1, 2 , . . . ,  ( x k ,  ~k) § 
(x ~ ~p(x~ and ~k § 0 as k § ~, the sequence {x~, Xk# is bounded, and (x*, --I) is a limit 
point of it. Without loss of generality, we will assume that Sk < I and %k = --I for k = I, 
2, .... Then it follows from the definition of the g-normal that ~=cl*~(x~) for k = I, 
2,.... We show that z~eO~(el~)(z~}, where ~=(I +[]x%Ik)(l-e~)-~e~ �9 Since ~k § 0 as k + =, 

it follows from this condition that x*~D-~(x~ 

Let us assume the contrary: There exist a sequence {y~} ~ X that converges to x k and a 

number e > ~k such that 

~rhe indicator function of a set ~ is defined as follows: 6(x[~) = 0 if x~ and ~(xi~) = 

if x ~ .  
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cl ~ q) (y~) - -  cl ~ q) (xk) - -  <x~, y~ - -  xk> + e II - x .  If< o, s = l ,  2 . . . . .  

Let us set 9 ~ = c l r 1 6 2  <x~, y~--x~>--ellY,--xhll. It follows from the last inequality that 
(y~,~)~clE(~) . In addition, it is obvious that ~i-~c1~p(x~} as i + ~. We have 

<x;, ~ -- x~> _ (~-- ~ (x~)) > 7 

i . e . ,  . T h i s  c o n t r a d i c t i o n  completes  the proof  of  Eq. (13 ) .  

To p r o v e  t h e  s e c o n d  p a r t  o f  t h e  t h e o r e m ,  i t  i s  s u f f i c i e n t  t o  o b s e r v e  t h a t  t h e  c o n d i t i o n  
( x * , - - i ) ~ K ( x  ~ ~(x~ i m p l i e s  t h e  c o n d i t i o n  (x*, - l ) ~ K ( x ~  r176 , and  i f  t h e  f u n c -  
t i o n  T i s  l o w e r  s e m i c o n t i n u o u s  a t  a p o i n t  x ,  t h e n  i t  f o l l o w s  f r o m  t h e  c o n d i t i o n  ( x * , - - i ) ~ N , ( x ,  
~(x)  l G ( ~ ) )  t h a t  ( x * , - l ) ~ N , ( x , ( p ( x ) l E ( q ) ) ) .  The t h e o r e m  i s  p r o v e d .  

T h u s ,  t h e  l o w e r  g e n e r a l i z e d  s e m i d i f f e r e n t i a l  o f  the- f u n c t i o n  q~ i s  d e f i n e d  by  " n o n h o r i -  
zontal" generalized normals to its epigraph. 

Let us observe that actually the following analogous representation for the lower semi- 
differential has also been established in the proof of Theorem I: 

0-~  (x ~ = {x* ~ X* :(x*, - l ) E  N (x ~ ~ (x ~ I E (~))}.  (15 ) 

In its turn, the generalized normal cone to the epigraph of the function ~ at the point 
(x~176 is completely determined by the set (13) and the set 

DT(p (x ~ = {x* ~ X* : (x*, O) ~ K @% q) (x ~ I E (~))}. ( 16 ) 

Following Rockafellar [24], we call the set (16) the singular lower generalized semidiffer- 
ential. 

From Theorem I we easily deduce an equivalent representation for the upper generalized 
semidifferential of a function in terms of the generalized normals to a subgraph of it. 

Let us now suppose that ~ is a continuous function that takes values in a Banach space 
Z. For each z*~Z* , let us define a scalar-valued functionLz,(x)=<z*,~(x)>,~ x~X, and in- 
troduce the sets 

D T @  ~ = n cl U { ( x * , z * ) ~ X *  • Z * : z * ~ O [ L ~ , @ ) , x ~ x  ~ + eB}, 
~>o (17)  

D~,~(x ~ = { x * ~ X * : @ * , z * ) ~ D ~ ( x ~ } .  

The set (17) is called the generalized differential of the function ~ at the point x ~ in the 
direction z*. 

In the sequel, speaking about the totality of the constructions (3), (5), (8), (16), and 
(17), we will call them generalized differentials. 

2. Properties of Generalized Differentials 

The following two theorems establish a connection between the above-introduced construc- 
tions and the classical notions of a derivative and a subdifferential. 

THEOREM 2. If a function ~:X~R is strongly differentiable~ at a point x ~ then 

D~ (x ~ = D - ~  (x ~ = D+~ (x~ = {~'  (x?) }. (18)  

Proof. Let the function ~ be strongly differentiable at x ~ Then it is continuous in 
the neighborhood of this point and for 6 > 0 there exists a positive number e such that 
0~(x)~'(x ~ +SB* for all x~x~ It follows from Eq. (4) that D-~(x~ ={~'(x~ . The 
remaining equalities in (18) are the consequences of what we have written by virtue of the 
definitions (5) and 

THEOREM 3. If 

~A function r  
rivative (p'(x~ ] if 

( 8 ) .  

~ : X - ~ N  

D~ (x ~ = D - r  (x ~ = 0 - r  (x~ 

i s  s a i d  t o  be  strongly dififerentiable [25]  at a point x ~ 

lim q) ( x )  - -  q~ (y )  - -  r ( x  ~  ( x  - -  y )  
:~_,:r y _ , x o  II x - -  y II = 0 .  

is a convex function that is finite at a point x ~ then 

(19) 

[with the de- 
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Proof. Let ~ be a convex function and x*~D-cp(x~ ' . By definition, there exist se- 
quences {z~} ~X, {z~} ~ X* , and {e~} ~R+ such that 

x; ~ O~ (cl ~ (p) (x~), k = t,  2 . . . . .  xk ~ x ~ cl ~ (p (xa) ~ (p (x~ 

~k § 0 as k § ~, the sequence {x~} is bounded, and x* is a limit point of it. By virtue of 
the convexity of the cl~ , for each k there exists a point y~x~Te~B* such that y~O- x 
(cl *(p)(x~), i.e., 

cl~q) (x) - cl~o (x~) ~ <y~, x - -  x~> (20) 

for all x~X. Let x be an arbitrary point of the space X. Without loss of generality, we 
can assume that <x~--x*,x--x~ as k-+oo. In this case, it is obvious that <y~--x*,x--xa>-+ 
0 and, taking limit in (20), we conclude that fp(x)--~(x~176 for all x~X, i.e., 
x* ~ ~-~(x ~ . By virtue of (6), we have D-~(x~ = @-q0(z~ 

If O~(cl*(--~))(x)=/=~ for certain x~X and e > 0, then the function ~P is bounded 
above in the neighborhood of x and is, consequently, [22, 23] continuous and suhdifferentiable 
at this point: 0-q~(x)~Z . Therefore, O+T(x)=--O~(--cp)(x)~'O-~(x)+eB * By virtue of the 
upper-semicontinuity of the subdifferential mapping of a convex function [22], it follows 
from the last inclusion that D+~(x~176 I . The theorem is proved. 

COROLLARY. If ~ is a convex set and x"~cl~ ~ , then K(x~176 

Thus, each function that is strongly differentiable at a point is lower as well as upper 
regular at this point, convex functions are lower regular at all points at which they take 
finite values, and convex sets are regular at all points of their closures. 

If a function q~ :X---*/{ satisfies the LiPschitz condition in the neighborhood of a point 
o 

x , then it is easily seen that the set D~ ~) is bounded. In addition, D~(xo)={O}, 

The following two theorems follow immediately from definitions. 

THEOREM 4. If x ~ is a point of local minimum of a function ~p:X-+R , then O~D-~p(z~ 

THEOREM 5. If a function ~:X-+R is finite at a point x ~ thenD-~(x~ - ~ c|U ID- 
( d ' @  ix): x (xO)]. 

If ~ is continuous in the neighborhood of x ~ then the assertion of Theorem 5 means 
that the multivalued mapping D-~(.) is upper-semicontinuous at x ~ 

COROLLARY. If x ~ ~ cl ~ , then 

K ( x ~  f~ cl U [K(x lg . ) : x~c lP .  r] ( x ~  
g > 0  

In the case of a finite-dimensional space X, the definition (10) of the generalized 
normal cone is simplfied: The sets of s-normals can be replaced by normal cones. 

THEOREM 6. Let x~ . If dimX<oo , then 

K(x  ~  D cl U [ N ( x [ Q ) : x ~ c l ~  D (x ~  
8>O 

Proof. Let dimX < ~. Without loss of generality, we will assume the space X to be 
Euclidean and identity the space X* with X. Let x*~K(x~ . Then there exist sequences 
{z~}ccl~Q, {x~]~X*, and {ek}~R+\{0} such that x k + x ~ x~ + x*, and Ck + 0 as k § ~ and x k= 
N~k(Xkl~) for k = I, 2,.... For each k let us consider the ray yk(=)----Zk+C~X~,=~O. Let 

Xk(~) denote the point of cl ~ that is nearest to yk(~). It is obvious that Xk(a) -> ~ as 
§ O. By the definition of the ~-normal, we can find a sufficiently small number ak~{O,l), 

such that <x~, xk--xk>~2e1~l]xh--x1~l!, where ~k=Xk(~),yh=Yk(~) �9 We have 

x,.ll = x II + <x;. xh> < 

whence II~--x~[l ~/~cche~ . Let us set x~ = xk + a~1(xk-- xl~). It follows from the last inequality 

that IIx~--xhll~4ek. Thus, x + x ~ and ~ + x* as k + ~. In addition, for each x~ we have 

2(z h < x ; ,  x - -  x~> = <yh  - -  xk ,  x - -  x~> + <Yk - -  x ,  x - -  x . >  + I x  - -  i h ~  

" z 

whence i t  f o l l o w s  t h a t  x ~ N ( x ~ l ~ l } .  The t h e o r e m  i s  p r o v e d ,  
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By virtue of Eqs. (13) and (~5), an equivalent representation for the lower generalized 
semidifferential, characteristic for a finite-dimensional space, follows from Theorem 6. 

COROLLARY. Let a function ~:X-+R he finite at a point x ~ If dimX < ~, then 

O - ? ( x  ~  fl cl U [O-(cl~)(x):x~B~(x~ 

If a function ~:X-+R is finite at a point x ~ then we can define the following set 
for it: 

Oc~(x~176 ~ r a l l  x~X} ,  ( 2 i )  

where 

~r (xq; x) = sup inf sup inf qD (~/§ to) -- 

~>0 ~>~to(y), t~(o,~) 

is the upper subderivative [~4, ]5] of qo at the point x ~ in the direction x. 
is called Clarke's generalized gradient of the function ~ at the point x ~ 
~ ( x " ; - )  is a positively homogeneous lower semicontinuous convex function. 
tionally Lipschitz [14, 15] at a point x ~ in the direction x, i.e., 

l i r a  s u p  ~ (y  + t o )  - -  ~._ < oo, 
t "t --) -~0, "~--)x (U,.)-~(~O,~(XO)) 

,>/to(y) 

(22) 

The set (21) 
The function 

If ~ is direc- 

(23) 

then the u~per subderivative (22) coincides with Clarke's generalized derivative [ 10, 11 ] 

(po (xO; x) = lira sup (p (y § tx) -- (p (y) 
t_>+O,y_>xO t 

In addition, the set of those x, for which the condition (23) is fulfilled, coincides with 
the interior of the effective domain dom~t(x~ ) of the function ~(x~ .). 

If x~ then we can introduce the cones 

Tc(x~ = { x ~ X :  for each ~ e > 0  there exists 

a 6 > 0 ,  s u c h  t h a t  [y+t(x+eB)]ns]va25, 
provided y ~ f 2 f l ( x  0 4 6 B ) ,  r E ( 0 , 6 ) } ,  (24)  

Nc(x~ for all x ~ Tv(x~ (25)  

which are called, respectively, Clarke's tangent and normal cones to the set ~ at the point 
0 x [ 1 0 ,  11,  14,  1 5 ] .  

Let us observe that the set (24) coincides with the effective domain of the upper sub- 
derivative of the indicator function of the set ~U{x ~ at the point x ~ and the set (25) 
coincides with Clarke's generalized w o~ it at this point. The above indicator func- 
tion is directionally Lipschitz at x in the direction x if and only if the set ~ is epi- 
Lipschitz at x ~ in the direction x, i.e., there exists a number ~ > 0 such that yq-tv~2 
for all y~fi(x"q-~B), t~(O, 8) , and v~x~ . In addition, the set of all these x coincides 
with the interior of the set (24)~ 

The properties of Clarke's generalized gradients and normal cones are set forth in [I0, 
I|, ~4, |5]. They are similar in many ways to the corresponding properties of the above- 
described generalized differentials and generalized normal cones. However, in distinction 
from the latter ones, the sets (2~I) and (25) are always convex. The following theorem estab- 
lishes a relation between Clarke's generalized gradient and the lower generalized semidif- 
ferential. 

THEOREM 7. If a function q0:X-+R is finite at a point x ~ then 

D- rp(x ~ ~ Ocrp (x~ 

Proof. x ~ X  and x*~D-cp(x~ To prove the theorem, it is sufficient to show that 
<x*,x>~-~t(x~ . By the definition of the lower generalized semidifferential, there exist 
sequences {xk}cX, {x~l ~ X*, and {eh} ~ R+, such that xh ~ a~.~@1 $cp) (xk) , for k = I, 2,.~ x k + 
x~ c1~(xk)-+~(x6), gk § 0 as k + ~, the sequence {x~} is bounded, and x* is a limit point of 

827 



it. Passing, if necessary, to subsequences, we assume that <x~ -- x*, x> + 0 as k * ~. 
follows from Eq. (22) that for each k there exists a number ~k > 0 such that 

i cl ~ r (y + tv) -- ~t -~<I (P r r x~ inf + ! 
t v_~x+-~B 

I t  

for all t~(0,6k) and (y,~)EcIE(cp)N[(x~176 Without loss of generality, we can assume 
that I;(Xh, CI+Cp(Xk))--(XQ, Cp(XO))II<--6k. Then for each t~(0,~) there exists a point vt~xq- B/k 
such that 

2 cl ~ q~ (xl: q -  t v t )  - -  cl 4 q~ (x~) ~-~ q) t (xO; x) q- --k-" 
t 

By virtue of the definition of the lower ~-semidifferential, from the last inequality we get 

~ (x~ x) - -  <xk, x> ~ - -  ~k [1 x f] + - ~  - -  - y .  k ' 

whence the  d e s i r e d  r e s u l t  f o l l e w s  on t a k i n g  l i m i t  as k § ~.  

COROLLARY 1. I f  x ~  , t h e n  K(x~176 
By v i r t u e  o f  t h e  known p r o p e r t i e s  o f  t h e  g e n e r a l i z e d  g r a d i e n t s  of  L i p s e h i t z  f u n c t i o n s  

[10,  11] ,  t h e  f o l l o w i n g  r e s u l t  a l s o  f o l l o w s  f rom Theorem 7. 

COROLLARY 2.  I f  a f u n c t i o n  ~ 0 : X- ~R  s a t i s f i e s  t h e  L i p s c h i t z  c o n d i t i o n  in  t he  n e i g h -  
bo rhood  e f  a p e i n t  x ~ t h e n  

i 0 DOq)(x~ cOc(p (x ).  (26) 

Let us observe that for non-Lipschitz functions the inclusion (26) cannot be fulfilled. 
At the same time, it follows from Theorem 7 that the generalized differential O~ ~ is 
always contained in the symmetric generalized gradient [17] of the function q~ at the point 

0 
X . 

In the conclusion of the section, we give a result, which characterizes the generalized 
differentials of the functions that take values in a Banach space. 

THEOREM 8. If a function ~:X-+% is continuous in the neighborhood of a point x ~ 
then for arbitrary z*~%* 

D~,(p (x ~ ~ D - L ~ ,  (x~ (27) 

where Lz, (x)= <z*, q0(x)) , x~X . Each of the following conditions is sufficient for the ful- 
fillment of equality in (27): 

(a) q0 is strongly differentiable at x ~ 

(b) dim Z < ~ and q0 satisfies the Lipschitz condition in the neighborhood of x ~ 

3. A Theorem on the Lower Generalized Semidifferential of a 

Sum of Functions 

In this section, we establish the conditions, under which the inclusion (I), the funda- 
mental relation that characterizes the generalized differentials of nonsmooth functions, is 
valid. Everywhere in the sequel, we assume that the spaces X and Z satisfy the following 
condition. 

Condition A. There exists a scalar-valued function ~ on the space such that 4(0) = 0 
and @(x) > 0 for x z 0; it is continuous in a neighborhood U of the origin and is Frechet- 
differentiable in U\ {0}; in addition, ll~'(x)];,~1 for x~U\{0}. 

Condition A is fulfilled, e.g., in each reflexive space. 

THEOREM 9. Let the function ~I:X~R and ~2:X-+R be finite at a point x ~ and lower 
0 semicontinuous in its neighborhood. If the function ~ is directionally Lipschitz at x 

(in a certain direction) and 

dom ~[ (x~ .) N int dom ~ (x~ .):/= ~ ,  (28) 

then the condition (I) is fulfilled. If, in addition, the functions ~ and ~ are lower 
regular at x ~ then the function ~+~2 is also lower regular at this point and equality 
holds in (I). 
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By virtue of Theorems 2 and 3, the above theorem generalizes the classical theorems of 

differential calculus and convex analysis. The requirement for the function % to be di- 
rectionally Lipschitz, in conjunction with the condition (28), is a natural generalization 
of the corresponding condition in the formulation of the Moreau--Rockafellar theorem [23]. 
If the function % satisfies the Lipschitz condition in the neighborhood of x ~ then it is 
directionally Lipschitz at this point and dom~(x~ [14]. In this case, the following 
result follows from Theorem 9. 

COROLLARY I. Let a function ~I:X-~R be finite at a point x ~ and lower semicontinuous 
in its neighborhood and a function ~2:X-+R satisfy the Lipschitz condition in the neighbor- 
hood of x ~ Then the condition (I) is fulfilled and 

D- (r + %) (x ~ - D+r (x ~ = D-% (x~ (29) 

The condition (29) is obtained as a result of application of Theorem 9 to the functions 
TI+% and --%. 

COROLLARY 2. Let a function ~,:X-~ R be finite at a point x ~ and lower semicontinuous 
in its neighborhood and the function % be strongly differential be at x ~ Then 

D -  (~1 + ~ )  (x0) = D - ~  (~)  + ~ (x% 

We can  show ( s e e  [ 1 ] )  t h a t  t he  a s s e r t i o n s  of  C o r o l l a r i e s  1 and 2 a r e  v a l i d  w i t h o u t  t h e  
assumption of the lower semicontinuity of %. 

COROLLARY 3. Let ~I and ~2 be closed sets in the space X and x~ N ~2. If the set ~2 
is epi-Lipschitz at the point x ~ and Tc(x~176 , then 

K(x~ N ~)~K(x~ (30) 

I f ,  i n  a d d i t i o n ,  t h e  s e t s  ~1 and ~2 a r e  r e g u l a r  a t  x ~ t h e n  t h e  s e t  Q~N~z i s  a l s o  r e g u l a r  
a t  t h i s  p o i n t  and e q u a l i t y  h o l d s  in  ( 3 0 ) .  

S i n c e ,  as  o b s e r v e d  a b o v e ,  t h e  g e n e r a l i z e d  d i f f e r e n t i a l s  a r e ,  i n  g e n e r a l ,  n o n c o n v e x ,  we 
c a n n o t  u s e  t h e  a p p a r a t u s  o f  convex  a n a l y s i s  f o r  t h e i r  a n a l y s i s .  The g e n e r a l i z e d  E u t e r  e q u a -  
t i o n  [1 ,  7] l i e s  a t  t h e  b a s i s  o f  t h e  p r o o f  of  Theorem 9. T h i s  r e s u l t  c h a r a c t e r i z e s  t h e  e x -  
t r e m a l  d i s p o s i t i o n  o f  a s y s t e m  of  s e t s  in  t h e  s p a c e .  

L e t  ~ l ,  ~ 2 , . . - , ~ n  be c l o s e d  s e t s  in  a s p a c e  X. A s y s t e m  o f  s e t s  ~ i ,  i = 1, 2 , . . . , n ,  i s  

s a i d  to  be  e x t r e m a l  i f  t he  f o l l o w i n g  c o n d i t i o n s  a r e  f u l f i l l e d :  1) ~ Qi=/=~;  2) T h e r e  e x i s t  

sequences {a~}~X, i = I, 2,...,n, that converge to zero and are such that ~ Q i h = ~ ,  Where 

~i~={x--ak:x~i] , for i = ~, 2,...,n and k = I, 2 ..... In addition, each point x~ ~ 

is called an extremal point of the system of sets ~i, i = I, 2,...,n. 

THEOREM 10. Let x ~ be an extremal point of the system of closed sets ~i, i = ~, 2,..., 

n. Then for each r > 0 there exist points y,~N(x~ and x~Ne(y~l~), i = I, 2,...,n, 

such that IIx~II,=t and 

X 1 + X 2 + . . .  + X~ = O. ( 3 ~ )  

If, in addition, the sets ~i, i = I, 2,...,n -- I, are eip-Lipschitz at a point x ~ then there 

exist elements x~K(x~ i = I, 2,...,n, that are not simultaneously equal to zero and are 
are such that the condition (31) is fulfilled. 

This theorem is a generalization of the theorems of Dubovitskii and Milyutin [126] and 
Boltyanskii [27] to the case of nonconvex sets. In analogy with [26], the relation (31) is 
called the generalized Euler equation. Theorem 10 (in a somewhat more general formulation) 
is proved in [I]. ' 

Proof of Theorem 8. Let X* ~ D - ( ~ + ~ 2 ) ( X ~  Then there exist sequences {x~}~X~ {x~ ~ X * ,  
and{e~}~R+~{0}, such that x~O~(~+~)(xh) for k = I, 2,..., and Xk~X ~ ~(x~)-+~(x~ i = 

~, 2, and ~k § 0 as k § =, the sequence {x~} is bounded, and x* is a limit point of! it. For 
each k we can find a neighborhood U of x k such that 

(r  + ~2) (X) - -  (~1 + ~2) (Xh) - -  <X~, X - -  Xh> + 2e~ [] x - -  z~ H ~ 0 
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for all x ~ U .  Without loss of generality, we can assume that the functions ~ and ~ are 
lower semicontinuous in U. Let us consider the following closed sets in the space X • R: 

~,  = { (x, ~) ~ U X R : q~ ( x ) -  q~, (x~) ~< t~}, 
P.~ = {(x, ~ ) ~  U x R :  q~ (x) - -  q~ (x~) - <x~, x - -  x~> + 2 ~ l l x  - ~ I1~< - - ~ } -  

They obviously form an extremal system. In addition, (x~,0)~2. By virtue of Theorem ~0, 

there exist points (x~,~)~E(~p~)~[(x~,, q0~(x~))q-e~B], i = I, 2, and an element (x~,%~)~X*xR 

such that l]x~, %kl]. ~ I, 

(x~,  ~.~) ~ N ~  (x~,~, ,tt~ - -  % (x~) I 9.1), - -  (x~,  ~a) ~ N~,~ (x~,~, - -  ,a~ + q~z(x~) + <x~, x ~  - -  x~> - -  2e~ 11 x ~  - -  x~ II I ~2) .  

Thus, (x~,~t~)+(x~176 i = I, 2, as k § oo. Let (x*, I) denote a limit point of the 

sequence {x~, %k }. Then X ~< 0 and (~*, %)~K(x ~ q0~(x~ By the definition of the e- 
normal, for each k we have 

- < ~ ,  ~ x~> + ~ ( ~ -  ~ -  * ~- lim sup -- <x~, x -- x~> , 2s h II x - x~ II ) <  

t~>~(x) 

whence i t  f o l l o w s  t h a t  (--)~x~ --x~, Z~) ~ N~- (x~, 9~  I E (r , where ~ = e~ ( l  + IIx~l!, + 2e~ + 2 ])~] ) . 
S ince  ~ - + 0  as  k-+oo we have  (--~.x*--x*, ~ ) ~ K ( x  ~176 

We show that % ~ 0. Since the function q~ is directionally Lipschitz, for each point 
x~intdom~$(x~ .) there exist numbers C > 0 and ~ > 0 such that ~(y-~tv)<~-Ut for all 
(y,~)~E(~p~)f~[(x~176 t~(O,~.), and v~zq-~B. Then for all v~xq-~B and all suffi- 
ciently large k we have 

- <~x~  + x~, ~> + ~ C ~  ~ (l] ~ll + c) ,  

whence 

<~hx~ + x~, x> ~ 61]~hx~ +~]1 .  + ~kC-- ~k ([Ixtl + C + 6). (32) 

Without loss of generality, we can assume that <x~, x*, x> § O as k § ~. Now if it is as- 
sumed that Xk § 0, then ]]i~Ll § I and it follows from (32) that <x*, x> ~ ~. On the other 
hand, by virtue of Corollary I of Theorem 7 and the representation of Clarke's tangent cone 
to the epigraph :[14, 15], <i*, x> ~:0 for all x~dom~(x~ . The obtained inequalities 
contradicts the condition (28). Thus, I ~ 0, and it follows from Theorem I that X~D-~I(x ~ 
and x--x1~O-~2(x~ where x~ = ~*/1%1. The i~clusion {I) is proved. 

If the functions ~ and ~2 are lower regular a~ a point x ~ then O-(r +~2)(x~ 
~2)(x~176 ~ ; whence it follows that the function ~+~ is lOwer regular at the 
point x ~ and equality holds in (I). 

Relying on Theorem 9 (and Corollary 3 of it), we can obtain a series of other relations 
that characterize the generalized differential of nonsmooth functions. The :proofs of the 
following Theorems 11 and 12 are given in .[~]. 

THEOREM ~I. Let the functions ~:X-+R and ~:X-+R be lower semicontinuous in the 
neighborhood of a point x ~ ~(x ~ ~ , and this value be finite. If the function ~ is 
directionally Lipschitz at x ~ and the condition (28) is fulfilled, then 

D -  (T1 V ~ )  (x~ ~ U [%~o D~r (x o) + %~o D-r (xO)]. (33) 
~ o ,  ~.~o 

If, in addition, the sets E(~,) and E(~) are regular at the point (x ~ ~(x~ , then the 
function ~V~ is lower regular at x and equality holds in (33). 

In (33), by definition, 

s o D - ~ i  (x ~ = f E ~ D - ~  
(xO), if > 0, 

[D~'q)i (x~ if ~.~ = 0. 

COROLLARY. If the functions ~:X~R, i = 1, 2,...,m, satisfy the Lipschitz condition 
in the neighborhood of a point x ~ then 

D -  l(Pi ( x ~  EiD-~i(x ~  El ~i( x ~  Tj (x~ = 0 ,  i = l ,  2 , . . . , m ;  ) ~ = !  . (34) 
4=1 
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If, moreover, the functions 91 , i = I, 2,...,m, are lower regular at x ~ then the function 

~i is also lower regular at this point and equality holds in (34). 

THEOREM 12. Let a function 9:X-+Z be continuous in the neighborhood of a point x ~ 
and a function g:Z § R be finite at the point ~ ~(x ~ and lower semicontinuous in its 
neighborhood. If g is directionally Lipschitz at z ~ and there exists an element (~,Z)~Tc(x ~ 
z~ such that Z~intdomgr176 then 

D-(go m) (x~ = {x* ~ X *  :(x*,-z*)~K(x~176 ~r  a certain element z*~D-g(z~ 

In addition, if the function ~ satisfies the Lipschitz condition in the neighborhood of x ~ 
then 

D -  (go ~) (x o) ~ U [Dz,~ (x~ : z* ~ O - g  (z~ (35) 

If, moreover, dimZ < ~, the function g is lower regular at z ~ and for each z*~D-g(z ~ the 
function x-~<z*,~(x) > is lower regular at x ~ then the function go~ is also lower regular 
at x ~ and equality holds in (35). 

As a consequence of Theorem 12, we can deduce a generalization of the classical mean- 
value theorem. 

THEOREM 13. If a function ~:X-+R satisfies the Lipschitz condition in a domain that 
contsins the segment [XI, X2] ~, then there exist points x~ and xm~D~ ~ such that 

( x ~ ) -  9 (xO = <z*, x~ - x~>. 

By virtue of the minimality of Clarke's generalized gradient in the class of weakly* 
closed convex generalized derivatives, for which the analogue of the mean-value theorem is 
valid, established by Lebourg [12:], the following result, refining Corollary 2 of Theorem 7, 
follows from Theorem 13. 

COROLLARY. If the function ~ satisfies the Lipschitz condition in the neighborhood of 
a po{n-~--x~ ~the'~ 

ac~ (x ~ = cl co 0 ~  (x~ 

By virtue of this corollary, the resrults of this section generalize and strengthen the 
corresponding statements, for Clarke:'s generalized gradient [10, 11, 14-17]. 
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