§i =bj and qi = qf — 1 for r;y = 0. For every i€] we then have a; = bjqj + f; and hence

a = bq + r. Moreover, for every iel we have ?jfi < ¢;b; together with ¢gfg < ®gbg for at
least one s=J. Since the ordering in W is lexicographic we then have (2{fi) < (®ibj) and

therefore ¢r < ¢b. Hence a=kg+r, Or<®b and reR(K), . Consequently, & is a right I'-

Euclidean algorithm of the rimg K.

If I =N and K{ = R (i&N) each of the rings Kj is Euclidean, but this is not true for

the ring K= JJ K; =RY . In other words, in Theorem 3 the requirement "T'-Euclidean" cannot
=

be replaced by the condition "Euclidean" for the rings K and K, iel.

LITERATURE CITED

1. I. Kaplansky, "Elementary divisors and modules," Trans. Am. Math. Soc., 66, 464~491
(1949). o

2. P. M. Cohn, Free Rings and Their Relation, Academic Press, London (1971).

3. I. M. Sanov, "The Euclidean algorithm and one-sided decompositions in simple factors for
matrix rings,” Sib. Mat. Zh., 8, No. 4, 846-852 (1967).

4. P. Samuel, "About Euclidean rings," J. Algebra, 19, 282-301 (1971).

5. P. M. Cohn, "On a generalization of the Fuclidean algorithm,”" Proc. Cambridge Philos.
Soc., 57, 18-30 (1961).

6. L. A. Skornyakov, "On Cohn rings," Algebra Logika, 4, No. 3, 5-30 (1965).

PROPERTIES OF GENERALIZED DIFFERENTIALS

A. Ya. Kruger UDC 517.988

The aim of the present article is to investigate the properties of generalized differ-
entials [1] of nonsmooth and nonconvex functions in a Banach space. The above-mentioned
generalized differentials are developments of the appropriate constructions from [2-4]. They
are used for the formulation of necessary conditions for optimality in nonsmooth and nonconvex
extremal probelms [2, 5-9].

At present there exist several different generalizations of the notions of derivative
and subdifferential in the literature, among which Clarke's generalized gradient [10, 11]
is most widely propagated in the theory of nonsmooth optimization. The popularity of the
generalized gradient is elucidated by its successful properties, which enable us to establish
the analogues of many facts of the classical differential calculus and subdifferential cal-
culus of convex functions [10-17]. Together with them, as observed by some authors [18-20],
in many cases Clarke's generalized gradient turnms out to be too wide a set and the results,
formulated with its help, are quite rough.

The generalized differentials, to be studied in this article, being nonconvex, are finer
local characteristics of a function in comparison with Clarke's generalized gradients (and
Varga's derived sets [18]). 1In addition, it has been possible to obtain a series of rela-
tions, analogous to the corresponding results of Clarke's theory, for them.

Many relations can be written in the form of inclusions, as for Clarke's generalized
gradients. Thus, in the case of a sum of functions the fundamental formula has the form

D~ (@it @2) (2°) = D7@u(2°) T D72 (). (1

In the general case, equality does not hold in (1). This fact is characteristic for general-
ized differentiation (in some sense) in general classes of nonsmooth functions. The inclu-
sion (1) enables us to decompose the elements of the generalized differential of a sum of
functions in terms of elements of the generalized differentials of separate functioms. By
virtue of this fact, the inclusion (1) can be used for the analysis of nonsmooth functions
and deduction of necessary conditions for extremum in nonsmooth optimization problems.

Minsk. Translated from Sibirskii Matematicheskii Zhurnal, Vol. 26, No. 6, pp. 54-66,
November—December, 1985. Original article submitted September 28, 1983.
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In this article, we alsoc give relations for the generalized differentials of maximum and
composition of nonsmooth functions and the generalized mean-value theorem. Similar results
for approximate subdifferentials have been established by Ioffe [21], who has also shown that
the lower generalized differential, to be defined in Sec. 1, is the smallest set among all
possible generalized derivatives that have natural properties.

Definitions of the generalized differentials and generalized normals are given in Sec. 1.
The main properties of the generalized differentials are proved in Sec. 2. The inclusion
(1) is proved in Sec. 3.

In this article, we use the following notation and abbreviation. We denote the topolog-
idal adjoint of a Banach space X by X* and the norms and the unit balls in the initial and the
adjoint spaces by l-l, II-llx and B, B*, respectively, and the bilinear form that defines the
duality between the spaces by <-, ->. The adjoint space is assumed to be equipped with the
weak* topology. The symbols int and cl denote the interior and the closure, respectively
(the closure of a set in the adjoint space is understood as the set of all weakly* limit
points of bounded sequences of elements of this set). The sum of sets and product of a set
by a number are defined in the following manner: U+ V={u+v:ucl, veV}l, and aU={cu:ne
U}, where o 2 0; if U = ¢ and o = 0, then 0§ = {0}. The operations over functions are de-
fined in the usual manner. In this connection, it is assumed that {(+») + (—=) = +» and 0 x
(32} = 0. The maximum of two functions ¢; and §: 1is denoted by ¢,V @s

1. Fundamental Definitions

Let X be a real Banach space, @be a function from X into the extended real line R =
[, ©] that is finite at a point XO, and ¢ be a nonnegative number. Let us consider the sets

0z ¢’(x°)={x*eX*:1im inf w(z)—cp(liz”)—-gr, b }—e}, (2)
Do@) = ol U [5 (ol ¢) @) : 2= By @))]- )
€20

Here cl'p is the lower semicontinuous hull of the function o (cll¢(x)==lhninf¢(yL ;xesX)
Yo

and B (2% ={zr=a®+eB : |cl'q(z) — ¢ (29| =¢].

The set (2) is obviously convex. It is called the lower e-semidifferential of ¢ at the
point x° (we will omit the suffix e for € = 0). If ¢ is Frechet-differentiable at x', then
the set d-@{z") reduces to the derivative. If ¢ is a convex function, then this set coin-
cides with the subdifferential of @ at the point x° in the sense of convex analysis [15, 19,
22, 23}. 1In addition, 4y @(z%) =0 @(z°) + &eB* in both the cases.

The set (3) is called the lower generalized semidifferential of the function ©® at the
point . In distinction from the lower e-semidifferential (2), the lower generalized semi-
differential (3) does not change if any other equivalent norm of X is used in its definition.

If ¢ is continuous in the neighborhood of x”, then Eq. (3) is obviously simplified:

D@ =N cl U6y o) : z=2°+ ¢B]. (4)
>0
Let us observe that the set (3) can be nonconvex. Thus, for the function @(z)=—lzl,zeR ,
we have D-g(0)={-1, 1}.
The sets 07¢(z%) = —d; (— ) (z% and
Do (2")y=—~D (—9) (z°) (5)

are called, respectively, the upper e—semidifferential (the suffix e is omitted for € = Q)
and the upper generalized semidifferential of the function ¢ at the point x. It is easy
to write out explicit representations, analogous to Egqs. (2)-(4), for them.

The following inclusions follow from Eqs. (3) and (5):
Do (z°)= d~p(2°), (6)
Dre(a®)= a*¢(z°). (M

If equality holds in the inclusion (6) [the inclusiom (7)], then the function ¢ is said to
be lower (upper) regular at the point x°.
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The sets (3) and (5) can be simultaneously nonempty. In addition, in distinction from
Clarke's generalized gradient, they do mot, in general, coincide and are not contained in one
another even for Lipschitz functions (see examples in [4, 9]). The union of the two general-
ized semidifferentials

s
e8]
e

D'p(2°)=D"g(z")U D*p(z")
is called the generalized differemtial of the function ¢ at the point x°.

Certain definite local characteristics of nonconvex sets correspond to the above-de-
scribed constructions of generalized semidifferentials of nonconvex functions. Let © be an
arbitrary set in the space X and x°e¢lQ. Let us consider the sets

N, (z°|Q) = x*eX*:limsup%x—:{ﬁo—)gs, 9
o S
K@1Q)= N el U Ve (@|Q:zsclQN @+ eB)l. (10)
0

The set (9), the set of e—normals to the set Q at the point x", is convex. For € = 0 (we
omit the suffix e in this case) it represents a cone, which is called the normal cone. In
the case of the convex set R, as is easily observed, it coincides with the normal cone in the
sense of convex analysis. The set (10) is also a cone, possibly nonconvex. It is called
the generalized normal cone to the set Q at the point %%, The elements of the cone (10) are
called the generalized normals.

It follows from definitions {(9) and (10) that

N(21Q)=N.(z*1c1Q), K(z1Q)=K(z'lclQ), (1)
K(2°1Q)> N(z°1Q). (12)

If equality holds in (12), then we will say that the set Q is regular at the point %Y.

Let us observe that the sets (9} and (10) coincide, respectively, with the lower e-
semidifferential and the lower generalized semidifferential (or the generalized differential)
of the indicator functiont of the set QU{z’} at the point x°. Thus, the notion of the gen-
eralized normal cone may be considered as derived from the notion of the lower generalized
semidifferential. At the same time, as the following theorem shows, the reverse connection
also exists between these notions: The lower generalized semidifferential of the function @
can be defined in terms of generalized normals to its epigraph E(¢)={(z,p) e XXR:q(z)<p}
or to its graph G(g)={(z,n)=XXR:@(x)=npk

THEOREM 1. The following representation is valid:
Dg(z®)={z* = X*: (a*, —1)= K(, ¢ (2") [E (¢))}. (13)

If ¢ is lower semicontinuous in the meighborhood of the point x?, then the set E(g) in Eq.
(13) can be replaced by the set G{g).

Proof. Let z*=D-@(2°). By definition, there exist sequences {z) =X, lz;]< X* and
{e =R, such that 2,9, (cl'@)(@) for k = 1, 2,..., and z,~ 2, d'g(z)~>¢(z*), and g ~ 0
as k > =, the sequence {xf{} is bounded, and x* is a limit point of it. Since g — i <l (2, w)—
(xx lg(z))l for all (z,p)eXXR, it follows from the definitions (2) and (9) that (=,
—1)ENsk(-Tm; cl*q)(xh)|clE(lp)), for k =1, 2,...; whence, by virtue of (11),

(z*, —1)= K(z', (2"} | E(9)). (14)
Conversely, let condition (14) be fulfilled. Then there exist sequences {r, pk}CclE((p),

(zs, Ap} = X* x R, and {e}=R; such that (k. M)ENsh (@1, b E(9)) for k = 1, 2,..., (%, uk) >
(z°, 9(z°)) and g > 0 as k > «, the sequence {xf, M} is bounded, and (x*, —1) is a limit

point of it. Without loss of generality, we will assume that € < 1 and Ay = —1 for k = 1,
2,.... Then it follows from the definition of the e-normal that wm=cl'@(z) for k =1,
2,.... We show that x;Eagk(cl“q))(zk), where &, = (1 + |2;].) (1 —e)%e, . Since € > 0 as k > =,

it follows from this condition that z*eD-g¢(z").

Let us assume the contrary: There exist a sequence {yi}CX that converges to xp and a
number € > g such that

¥The indicator function of a set @ is defined as follows: §(x|R) = 0 if z=2 and §(x{Q) =«
if x ¢w
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o) —el'e (@) — @h yi— o) F ey —a]<0, i=1,2,....

Let us set w;=cl'@ @) + (zh, yi—2x) —€|yi—zx]. It follows from the last inequality that
{yow)=clE(p) . In addition, it is obvious that pi—~>cl'g(z,} as i » ». We have

<’:;' yi——-zh>_(pi——clitp(xh)) € >z, i=1,2.
“ (¥ Bg) — (25 cl'o (xh))“ - 1+H Ty U* te

i.e.,(x;,—-1)§éﬁﬂ%(xh,cll¢(xg|130W) . This contradiction completes the proof of Eq. (13).

To prove the second part of the theorem, it is sufficient to observe that the condition
(%, —1)=K (2", ¢(2°)|E(¢)) implies the condition (z*, —~1)=K(z" ¢(z")|G(9)) , and if the func-
tion @ 1is lower semicontinuous at a point x, then it follows from the condition (z* —1)EN.(z,
{z)1G(9)) that (z* —1)=N.(z,9(z)|E(p)). The theorem is proved.

Thus, the lower generalized semidifferential of the function ¢ is defined by '"nonhori-
zontal® generalized normals to its epigraph.

Let us observe that actually the following analogous representation for the lower semi-
differential has also been established in the proof of Theorem 1:

I¢(a)={z* = X*: (%, —1)E N (2%, 9 (2") |E (¢))}. (15)
In its turn, the generalized normal cone to the epigraph of the function @ at the point
(% @(2°)} 1is completely determined by the set (13) and the set

Dro@) = (z*  X* : (2%, 0) = K (o, 9 (a9) | E (@))- (16)
Folloxging Rockafellar [24], we call the set (16) the singular lower generalized semidiffer-—
ential. :

From Theorem 1 we easily deduce an equivalent representation for the upper generalized
semidifferential of a function in terms of the generalized normals to a subgraph of it.

Let us now suppose that @ is a continuous function that takes values in a Banach space
Z. TFor each z¥=Z* , let us define a scalar—valued function Ly {z) = (2%, @ (2)), z=X, and in-
troduce the sets

D% = N cl U {(z¥, z¥) = X* X Z*: 2% = 07 L» (2), = 2° + eB},
£>0 aUn

Dy (29 = {o* = X* : (z*, 2*) &= Do (29)}.
The set (17) is called the generalized differential of the function ¢ at the point x° in the
direction z*.
In the sequel, speaking about the totality of the constructions (3), (5), (8), (16), and
(17), we will call them generalized differentials.

2. Properties of Generalized Differentials

The following two theorems establish a connection between the above-introduced construc-—
tions and the classical notions of a derivative and a subdifferential.

THEOREM 2. If a function ¢@:X—R 1is strongly differentiablef at a point x', then

D' (") =D g (z°) = D*q(z’)={g’ (z°)}. (18)

Proof. Let the function ¢ be strongly differentiable at x°. Then it is continuous in

the neighborhood of this point and for § > O there exists a positive number € such that
09 (x) = @ (2% + 8B* for all z=x"+eB.. It follows from Eq. (4) that D-g(z°)={¢’(z°)} . The
remaining equalities in (18) are the consequences of what we have written by virtue of the
definitions (5) and (8).

THEOREM 3. If ¢:X—~R 1is a convex function that is finite at a point x°, then
De{a")=D"q(z")=0"¢(z"). (19)
tA function @:X—~Z is said to be strongly differentiable [25] at a point x° [with the de-
rivative ¢'(2% ] if
o) —om—9¢ @)@~y _
ez —yi a

lim 0.

x>0, y->x?
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Proof. Let ¢ be a convex function and r*=D-¢(z") . By definition, there exist se-
quences {z) <X, {zs) =« X*, and {ed =R, such that

e (cl'e) (@), k=1,2,..., z—>2° el @ (z) — @ (=9,

e * 0 as k > », the sequence {xf} is bounded, and x* is a limit point of it. By virtue of
the convexity of the cl'¢ , for each k there exists a point y; ez + €,B* such that yre=8" x
(cl'g)(zy) » i.e.,

cl' @ (2) — el ¢ (z) = (yh, & — 24 (20

for all zr=X . Let x be an arbitrary point of the space X. Without loss of gemerality, we
can assume that (z; —z* z—2%—>0 as k-—~ow. In this case, it is obvious that (g — z*, £ — 1)~
0 and, taking limit in (20), we conclude that @(z)—o(2°)=<z*,z—2% for all z=X, i.e.,

r* = 0-@(2°) . By virtue of (6), we have D-gp(z")=d-¢(z").

If 97 (el (— 9) (@) # DB for certain z=X and e > 0, then the function ® is bounded
above in the neighborhood of x and is, ceonsequently, [22, 23] continuous and subdifferentiable
at this point: -¢(z)7 2 . Therefore, 37 ¢ (z) = — 05 (— @) (z) =9 ¢ (2)+eB* . By virtue of the
upper-semicontinuity of the subdifferential mapping of a convex functiom [22], it follows

from the last inclusion that D*e(z")=D~¢(2’) . The theorem is proved.
COROLLARY. If Q is a convex set and z'e€clQ , then K(2°1Q)=N(2"1Q).

Thus, each function that is strongly differentiable at a point is lower as well as upper
regular at this point, convex functions are lower regular at all points at which they take
finite values, and convex sets are regular at all points of their closures.

, If a function ¢:X— R satisfies the Lipschitz condition in the neighborhood of a point
X, then it is easily seen that the set D°%@(2’) 1s bounded. 1In addition, D¢ (z% = {0}.

The following two theorems follow immediately from definitioms.
THEOREM 4. If x° is a point of local minimum of a function @:X— R , then Q=D g(z°).

THEOREM 5. If a function ¢:X—R 1is finite at a point x°, then D (%)= ] ¢l { [D~
(cl'9) (@) 1z = By (7). =

If ¢ is continuous in the neighborhood of x°, then the assertion of Theorem 5 means
that the multivalued mapping D-¢(:) is upper-—semicontinuous at x°.

COROLLARY. If 2°=¢lQ, then
K (2°)Q) = rol UIK(|Q:z=clQ ) (2° + eB)l.
g

In the case of a finite~dimensional space X, the definition (10) of the gemeralized
normal cone is simplfied: The sets of e-normals can be replaced by normal cones.

THEOREM 6. Let z’sclQ. If dimX<w , then

K@@= 0 el U [N(lQ):ceclQ @+ eB).

Proof. Let dimX < ». Without loss of generality, we will assume the space X to be
Euclidean and identity the space X* with X. Let z*=K(2°|Q)\{0}. Then there exist sequences
(r}celQ, (7l = X*, and {g)c R,\{0} such that xg > x°, xjf + x*, and g >~ 0 as k > = and xﬁc
Neyp (% [Q) for k = 1, 2,.... For each k let us consider the ray Yy (@) = T+ ozh, @=>0. Let

g (a) denote the point of clQ that is nearest to yg(a). It is obvious that xgx{a) > xx as
a > 0. By the definition of the e-normal, we can find a sufficiently small number a.< (0, 1),

such that <z, 75 — 2> < 26 | 7x — 2], where Z, =z, (), §s=1yu(2:) . We have
” Eh — Iy 1\2 == ” 5/; - 51: “2 —_ " Z/k -— Iy “2 + 20, <xZ, ';k — )<< 4akekﬂ5k — I !,

whence Iz, —z,ll <4auex . Let us set z, =, + az (zy — ). It follows from the last imequality
that l[i;——x;llg 4e, . Thus, x - x? and if: > x* as k > @, In addition, for each z=Q we have

20ty (Tpy & — L) = Y — Ty & — Tp) + {Yp — T, T — ';:k>v+ Iz —z.p

=y =zl =g — 2l + |z — TP <)z —ml
whence it follows that 7z, N (x,|Q) . The theorem is proved.

826



By virtue of Egs. (13) and (15), an equivalent representation for the lower generalized
semidifferential, characteristic for a finite-dimensional space, follows from Theorem 6.

COROLLARY. Let a function g@:X-—R be finite at a point x". If dimX < », then
D¢ (@) = N cl {6 (cl'g)(a): 2z = Bg @Y.
e>0

If a function ¢:X—R is finite at a point x°, then we can define the following set
for it:

Ocp(2®)={z* e X*: ¢t (2% 2)= (a*, 2> forall zeX), (21)
where
o' (2% ) = sup inf _ sup inf 2O+ —p (22)

a0 60 [y, 1)~ (0, o(x") )l <6 v=x+aB ¢
A>0 B20(y), t<(0,A)

is the upper subderivative [14, 15] of @ at the point x° in the direction x. The set (21)

is called Clarke's generalized gradient of the function ¢ at the point x°. The function
q’)’(x"; -} is a positively homogeneous lower semicontinuous convex function. If @ is direc~
tionally Lipschitz [14, 15] at a point x° in the directiom x, i.e.,

limsup 2UTW B <o (23)
t->-+0, 5>

(.- (0,5(x%))
u=ey)

then the upper subderivative (22) coincides with Clarke's generalized derivative [10, 11]
1 j—
(po (xo; x) = lim sup w'
t>+0,y>x"
In addition, the set of those x, for which the condition (23) is fulfilled, coincides with
the interior of the effective domain domo'(2’; ) of the function gf(z% ).

If z°=¢lQ, then we can introduce the cones

Te(2’1Q)={zx=X: foreach »e>0 there exists
a §>0, such that [yF+i(z+eB)]NQ+*7,
provided yeQN(z°+6B), t=(0,8)), (24)
No(a®1Q)={z* = X* :{z* 2> <0 forall zeTq(2°1Q)}, (25)

which are called, respectively, Clarke's tangent and normal cones to the set Q at the point
x® [10, 11, 14, 15].

Let us observe that the set (24) coincides with the effective domain of the upper sub-
derivative of the indicator function of the set QU{z} at the point x’ and the set (25)
coincides with Clarke's generalized %radient of it at this point. The above indicator func-
tion is directicnally Lipschitz at x° in the direction x if and only if the set Q is epi-
Lipschitz at x° in the direction x, i.e., there exists a number § > O such that ytiveQ
for all y=Qh(z°*+6B), t=(0, §) , and vez"+8B . In addition, the set of all these x coincides
with the interior of the set (24).

The properties of Clarke's generalized gradients and normal cones are set forth in [10,
11, 14, 15}. They are similar in many ways to the corresponding properties of the above-
described generalized differentials and generalized normal cones. However, in distinction
from the latter omes, the sets (21) and (25) are always convex. The following theorem estab-
lishes a relation between Clarke's generalized gradient and the lower generalized semidif-
ferential.

THEOREM 7. 1If a function ¢:X—R is finite at a point x°, then
D-p(z°) < dep(x”).

Proof. z=X and z*«D-¢(2°). To prove the theorem, it is sufficient to show that
(x*, 2> <g@'(z";z) . By the definition of the lower generalized semidifferential, there exist
sequences {f,} < X, {z,} = X*, and {ex} = Ry, such that x;Eﬁg;(cll(p)(xk), for k =1, 2,..., x >
2%, ' @(:) > @(z*), ex > 0 as k > =, the sequence {x{} is bounded, and x* is a limit point of
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it. Passing, if necessary, to subsequences, we assume that <Xﬁ —x*, x> >0 as k >, It
follows from Eq. (22) that for each k there exists a number & > 0 such that

{ _
il’lf cl (p(y'i- tv) |3 < (pT (xo; Z) + ,_1];_
vEx+£B

for all t=(0,8,) and (y,un)scdE(e)N[(z* @(z"))+8B]l. Without loss of generality, we can assume
that [(z, cl' @(z))— (2% @ (2°))I<8,. Then for each £<(0,6,) there exists a point vy;e=z+ B/k
such that

2

1¢ —eclt
¢ q)($lz+tvt) ¢ q)(zk) <(PT (.ZEO; x)+__k_

11

By virtue of the definition of the lower e-semidifferential, from the last inequality we get

o' @ 0) = Gai & =~ (le) + )~ lail — -

whence the desired result follows on taking limit as k + o.

COROLLARY 1. If z°=clQ, then K(2°1Q)< No(2°|Q).
By virtue of the known properties of the generalized gradients of Lipschitz functions
[10, 11], the following result also follows from Theorem 7.
COROLLARY 2. If a function ¢@:X—~R satisfies the Lipschitz condition in the neigh-
borhood of a point x?, then
D¢ (2°) < o (2°). (26)
Let us observe that for non-Lipschitz functions the inclusion (26) cannot be fulfilled.
At the same time, it follows from Theorem 7 that the generalized differential D'p(z°) is
always contained in the symmetric generalized gradient [17] of the function ¢ at the point
0
X .
In the conclusion of the section, we give a result, which characterizes the generalized
differentials of the functions that take values in a Banach space.
THEOREM 8. If a function ¢:X—Z 1is continuous in the neighborhood of a point x?,
then for arbitrary z*eZ*

-Dz*(p (a:o) > D—Lz* (-Zo)w (27)
where L, (z) = <z* @(z)) , z=X . Each of the following conditions is sufficient for the ful-
fillment of equality in (27):

(a) ¢ is strongly differentiable at x°.

(b) dimZ < ~ and ¢ satisfies the Lipschitz condition in the neighborhood of %Y.

3. A Theorem on the Lower Generalized Semidifferential of a

Sum of Functions

In this section, we establish the conditions, under which the inclusion (1), the funda-
mental relation that characterizes the generalized differentials of nonsmooth functions, is
valid. Everywhere in the sequel, we assume that the spaces X and Z satisfy the following
condition.

Condition A. There exists a scalar-valued function y on the space such that ¢(0) = 0
and ¢(x) > 0 for x # 0; it is continuous in a neighborhood U of the origin and is Frechet-
differentiable in U\ {0}; in addition, ly'(z)l,=1 for ze U\{0}L

Condition A is fulfilled, e.g., in each reflexive space.

THEOREM 9. Let the function ¢,:X—R and 9.:X—~ R be finite at a point x’ and lower
semicontinuous in its neighborhood. If the function @. is directionally Lipschitz at x°
(in a certain direction) and

dom ¢} (z% -)( int dom ¢} (2% )= &, (28)

then the condition (1) is fulfilled. If, in addition, the functions ¢; and ¢ are lower
regular at x°, then the function ¢+ ¢. is also lower regular at this point and equality
holds in (1).
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By virtue of Theorems 2 and 3, the above theorem generalizes the classical theorems of
differential calculus and convex analysis. The requirement for the function ¢; to be di-
rectionally Lipschitz, in conjunction with the condition (28), is a natural generalization
of the corresponding condition in the formulation of the Moreau—Rockafellar theorem [23].
If the function @, satisfies the Lipschitz condition in the neighborhood of x’, then it is
directionally Lipschitz at this point and dmn¢£@ﬂ;-)==X’[14]. In this case, the following
result follows from Theorem 9.

COROLLARY 1. Let a function ¢:X—~R be finite at a point x’ and lower semicontinuous
in its neighborhood and a function ¢,:X >R satisfy the Lipschitz condition in the neighbor-
hood of x°. Then the condition (1) is fulfilled and

D~ (@it @) (") — D¥e. (2°) > Dq, (2°). (29)

The condition (29) is obtained as a result of application of Theorem 9 to the functions
@1+ ¢, and —@..

COROLLARY 2. Let a function ¢,:X—> R be finite at a point x° and lower semicontinuous

in its neighborhood and the function @: be strongly differential be at x%. Then
D~ (@, + ¢3) (2°) = D=, (2°) + @ (2.
We can show (see [1]) that the assertions of Corollaries 1 and 2 are valid without the
assumption of the lower semicontinuity of Q.
COROLLARY 3. Let Q1 and 9, be closed sets in the space X and 2°=Q,NQ,. If the set Q»
is epi~Lipschitz at the point x° and T.(z°|Q)Nint T, (2'IQ,)* @ , then
Kz, N Q)= K(2°1Q,)+ K (2°]Q,). (30)

If, in addition, the sets {1 and {» are regular at xo, then the set @, N, is also regular
at this point and equality holds in (30).

Since, as observed above, the generalized differentials are, in general, nonconvex, we
cannot use the apparatus of convex analysis for their analysis. The generalized Fuler equa-
tion [1, 7] lies at the basis of the proof of Theorem 9. This result characterizes the ex-
tremal disposition of a system of sets in the space.

Let Q1, Q2,...,0, be closed sets in a space X. A system of sets 2, 1 = 1, 2,...,n, is
n
said to be extremal if the following conditions are fulfilled: 1) N Q;% J; 2) There exist
i=t
. n
sequences (eij— X, i =1, 2,...,n, that converge to zero and are such that (] Qi = &, where
=1

. n
Qp=I[z—a,:2=Q], for i =1, 2,...,nand k =1, 2,.... In addition, each point z°<= ] @

=1
is called an extremal point of the system of sets Qi, i = 1, 2,...,n.
THEOREM 10. Let x” be an extremal point of the system of closed sets @7, 1 =1, 2,...,
n. Then for each € > 0 there exist points yieQN(z°+eB) and z; =N (1:|Q), i =1, 2,...,n,
R n
such that 2 |zil,=1 and
i=1 .
oty + ...z =0. (31)
If, in addition, the sets Q;, i = 1, 2,...,n0 — 1, are eip-Lipschitz at a point x°, then there
exist elements x:eaK(xHQL), i=1, 2,...,n, that are not simultanecusly equal to zero and are

are such that the condition (31) is fulfilled.

This theorem is a generalization of the theorems of Dubovitskii and Milyutin [26] and
Boltyanskii [27] to the case of nonconvex sets. In analogy with [26], the relation (31) is
called the generalized Euler equation. Theorem 10 (in a somewhat more general formulation)
is proved in [1]. ~ :

Proof of Theorem 8. Let z*eD-(¢:+¢.)(2°). Then there exist sequences '{_xh}cX, lzp) = X*,
and {&:} < Ri\{0}, such that ay & 05(@, +9.) (zx) for k = 1, 2,..., and x —~2° @i(z) > @:(2%), i =

1, 2, and e ~ 0 as k >~ =, the sequence {xﬁ} is bounded, and x* is a limit point of it. For
each k we can find a neighborhood U of x; such that

(01 + 92) (@) — (91 + o) (Ts) — @y T — @) + 2852 — 7,0
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for all z=U . Without loss of generality, we can assume that the functions ¢, and ¢, are
lower semicontinuous in U. Let us consider the following closed sets in the space X x R:

Q={(z,))SUXR: ¢ (z)— @i (z:) < p},
Q= {(z, WEUXR: ¢y () — g, (x1) — (2}, 2 — 73 + 2ep]|z — 2 | << — ).

They obviously form an extremal system. In addition, (,0)=QNQ.. By virtue of Theorem 10,

there exist points (zy, pa)S E(:) N[ (zi ¢i(2,)) T e:B] , i =1, 2, and an element (z, M)=X*XR
such that ﬂ’i:, Ax ﬂ* =1,

(z2, ) = Ne, (s i — @1 () |2, — (zh, M) = Ne, (Zons — Yar -+ Pazz) + (T, Top — Tp) — 2ep | 2o, — 21 112)-

Thus, (T piu) = (&% @:(2°)) , 1 = 1, 2, as k ~ =, Let (}Ac*, 1) denote a limit point of the
sequence {xf, A}. Then A < 0 and (7%, A)= K(2°, ¢.(z")|E(g)). By the definition of the e-
normal, for each k we have

lim sup —(z:’x_x2h>+?“k('u—”2k_<x:’x—12k>+28h"x_%k")

e O SRt )

<8k,

whence it follows that (— Auzs —}Z, ) € NsAh (Zon, Barn| E (9,)) , where e, =2, (1 + ﬂx:"* + 2ep + 2|7vkl) .
Since ;;\k» 0 as k-—>o we have (—Ax*—:?*, Ae K (2, 0:(2°) 1E(g2) ).

We show that X 2 0. Since the function ¢: is directionally Lipschitz, for each point
z & int dom @}(z°% -) there exist numbers C > 0 and S > 0 such that @u(y+iv)ssp+Ct for all
(v, B)EE(g,)N[(z° - (2°))+ 6B], t=(0,0), and vEz+8B. Then for all y=z+06B and all suffi-
ciently large k we have

— Ous +Th, ) + MO e (0] + ©),

whence R R

s + 75, 2> = 8] Mzii + 7l + MC — B (2] + € + 6). (32)
Without loss of generality, we can assume that <}A<1’:, X", x> >0 as k >, Now if it is as~
sumed that A > O, then IXfl > 1 and it follows from (32) that <x*, x> > §. On the other
hand, by virtue of Corollary 1 of Theorem 7 and the representation of Clarke’s tangent cone
to the epigraph {14, 15], <&*, x> <0 for all z<=domqy(z% -) . The obtained inequalities
contradicts the condition (28). Thus, A # 0, and it follows from Theorem 1 that z; e D7 g, (%)
and z— 2} €D 7@, (2%) , where x¥ = £%/I)l. The inclusion (1) is proved.

*

If the functions ¢, and ¢. are lower regular at a point x°, then D@, +@2) (x°) <0~ (ot
@) (") =D~ (2°) +D"@2(2°) ; whence it follows that the function ¢;+¢. is lower regular at the
point x° and equality holds in (1).

Relying on Theorem 9 (and Corollary 3 of it), we can obtain a series of other relations
that characterize the generalized differential of nonsmooth functions. The proofs of the
following Theorems 11 and 12 are given in {1].

THEOREM 11. Let the functions ¢,:X—~R and ¢.:X—>R be lower semicontinuous in the
neighborhood of a point xo, @ () =02(2") , and this value be finite. If the function @: is
directionally Lipschitz at x° and the condition (28) is fulfilled, then

D (Vo) @) U [heD 0 @) + e D70y (). (33)
A 20,2,220
by Hh,=1
1f, in addition, the sets E(g,) and E(g,) are regular at the point (z°, 9:(2")) , then the
function @ V@, is lower regular at x and equality holds in (33).
In (33), by definition,
_ D@, (29, if A >0,
7\”"0D q)l(:po):{ 'L— 10 ) i
D-?q)i(‘x)'l if }\ﬂ.zo
COROLLARY. If the functions @::X—R, i =1, 2,...,m, satisfy the Lipschitz condition

in the neighborhood of a point x°, then

m

D_(_\17 (Pi)(xo)c [EIMD_%(:CO)WM}O, ?»i((Pi(xo) —j\z @; (xo)) =0, i=1,2,...,m; 2 M= 1}. (34)

1=1 1 =1
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If, moreover, the functions @+, i =1, 2,...,m, are lower regular at x°, then the function

m
\ @ is also lower regular at this point and equality holds in (34).
=1

THEOREM 12. Let a function @: X—~Z be qpntlnuous in the neighborhood of a point x°
and a function g:Z » R be finite at the point 2°=@(z") and lower semicontinuous in its
neighborhood. 1If g is directionally Lipschitz at z’ and there exists an element (Z, D)= T
2lG(g)} such that Z=intdomg'(z% ‘), then

D (geg) (z) = {z* = X* (2%, —2*)= K (2%, 2l G (@)  for a certain element z*e D-g(z)}

In addition, if the function ¢ satisfies the Lipschitz condition in the neighborhood of x°,
then

D™ (g 9) (2% = U [Dusg (2% : 2* = D7g (2] (35)

If, moreover, dimZ < =, the function g is lower regular at z°, and for each z*€Dg(z°) the
function z— <%, ¢(z)> is lower regular at xo, then the function g°¢ 1is also lower regular
at x° and equality holds in (35).

As a consequence of Theorem 12, we can deduce a generalization of the classical mean-
value theorem.

THEOREM 13. If a function ¢@:X—R satisfies the Lipschitz condition in a domain that
contains the segment [x;, xp], then there exist points z°&l,zf and z*=D%(x*) such that

@ (22) — @ (z,) = <z%, 2, — 0.

By virtue of the minimality of Clarke's generalized gradient in the class of weakly*
closed convex generalized derivatives, for which the analogue of the mean-value theorem is
valid, established by Lebourg [12], the following result, refining Corollary 2 of Theorem 7,
follows from Theorem 13.

COROLLARY, If the function ¢ satisfies the Lipschitz condition in the neighborhood of
a point x°, then

B (2°) = cl co D (7).

By virtue of this corollary, the results of this section generalize and strengthen the
corresponding statements for Clarke's gemeralized gradient [10, 11, 14-17].
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