GENERALIZED DIFFERENTIALS OF NONSMOOTH FUNCTIONS, AND NECESSARY
CONDITIONS FOR AN EXTREMUM

A. Ya. Kruger UDC 517.988:519.853.4

In this article we introduce an abstract notion of extremeness, which similarly to the
corresponding definition of Neustadt [1, 2] embraces different notions of a solution to ex-—
tremal problems, and establish necessary conditions for extremeness. These conditions are
then concretized for the problem of nondifferentiable (locally Lipschitz) programming in a
Banach space with equality and inequality constraints. We give conditions for optimality in
the form of a generalized condition for the Lagrange function to be stationary, which are
generalizations of known results for smooth and convex problems [3-5]. Also we generalize
and refine the results of Clarke [6], Warga [7], and Hiriart-Urruty [8].

In contrast to the approach used most widely in the literature [1, 2, 5, 9-12], our de-
rivation of necessary conditions for extremeness is realized without using any local approxi-
mations of sets and functions. Here a generalized Euler equation [13, 14] plays the role of
the separation theorem for convex sets and its modifications. The result characterizes the
extreme position of a system of nonconvex sets in a space, and i1s a generalization of a theo-
rem of Dubovitskii and Milyutin [9]. It enables us to extend many facts of convex analysis
to nonconvex sets and functions.

The necessary conditions are stated in terms of generalized differentials and general-
ized normals, which are developments of the corresponding finite-dimensional comstructions
in [15-18]. They are used in [13, 15-17, 19-21] in the formulation of necessary conditions
for optimality in nonsmooth problems of mathematical programming and of optimal control. In
contrast to the majority of known generalizations of thenotion of a derivative, generalized
differentials can be nonconvex. They are more refined local characteristics of fumctions in
comparison with Clarke's generalized gradients [6, 22-24] and with the derivative sets of
Warga [7, 25].

The definitions and certain properties of generalized differentials are given in Sec. 1.
In Sec. 2 we establish the generalized Euler equation. Abstract conditions for extremeness
are proved in Sec. 3. Necessary conditions for an extremum for the general problem of non-
differentiable programming are stated in Sec. 4.

We use the following notation and terminology. The topological dual of a Banach space X
is denoted by X%. Norms in a space and in its dual are denoted by l-ll and I-lx, respectively.
<x*, x> stands for the value of a linear functional z*&X* at z=X. Unless stated otherwise,
a dual space is assumed to be equipped with the weak* topology. The symbols int and cl de-
note, respectively, interior and closure (the closure of a set in a dual space is understood
to be the set of all weak* limit points of bounded sequences of elements of this set). The
unit ball in a Banach space {(with center at the zero element) is denoted by B. The sum of
sets and the product of a set by a number are defined, respectively, by U + V = {u + v:
wel, veV}, ol ={aqu: usU}, where a = 0 if U = @, and 0-¢ = {0O}. Operations on functionms
are defined in the usual way. Also it is assumed that +» + (—=) = 4~ and 0-(#x) = 0.

1. GENEKALIZED DIFFERENTIALS

Let X be a real Banach space, ¢ an arbitrary function from X into R = [—», ®»] that is
finite at x°. TFor any € > 0 we introduce the convex set
¢ (z% — (¥, 2 — 20
Jz —2°l

Fe 9 (2% = {x* e X*: lim inf 22 —

x—>x0

>— e}

in the dual space. It is called the lower e-semidifferential of ¢ at x°. This construction
is the simplest generalization of the notion of a Frechet derivative and of the subdifferen-
tial of a convex function [2-5]. It is used in the definition of the more complicated
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construction of a lower generalized semidifferential:
- : - i i | ; - (1)
D7g () = Nl U 87 (cl'e) @) |z— 2] <e, el o ()9 (%) |<Lel. v
£>0 -
The symbol ¢l*¢ in (1) denctes the lower semicontinuous hull of ¢, that is, the function

defined by ellg(z) =liminfo(y), z=X. When ¢ is continuous (in a neighborhood of x°), (1)
y=x

can obviously be simplified:
Do) = N cl U [0r o) z— 2| <e].
: £>0 :
In the characterization of local properties of a function ¢ we use as well as the lower gen-—
eralized semidifferential (1) the sets

DY () = — D7 (—¢) (z9), (2)
D% (%) = D7 (2% U D («9), (3)
Do) = D79 Ui—Dro@y], (4)

which are called, respectively, the upper generalized semidifferential, the generalized dif-
ferential, and the symmetric generalized differential of ¢ at x°. Let us note that the sets
(1) and (2) can be nonempty simultaneously, and are not contained in one another {(see the
examples in [18, 21]); this justifies the introduction of the constructions {(3) and (&4).

If ¢ is continuocus and takes values in a Banach space Z, then for each z*=Z* we can
associate with it the scalar function L, (z)=<{z* 9 (z)),z=X. By using this we define the sets

Do (% =N cd Ul*, st eX* X Z* ia¥ =@ 0, L. (2), |2 — 20 < &)s ,
e>0 . ' (5
Dy (2% = {2¥ = X* 1 (2%, 2%) = Dy (29}
The set (5) is called the generalized differential of ¢ at x° in the direction z*. We note
that
D7 L (2% < Do (2°). (&)

/

In what follows, when referring to the set of constructions (1)~(5) we shall call them gen-
eralized differentials.

We give below some properties of generalized differentials (for more details of the prop-
erties of e-semidifferentials and generalized differentials see {14, 261). Unless stated
ctherwise, all functions are assumed to act from X into R, and to be finite at x°

1) If @ is strictly differentiable {4] at x°, then
Doo(z®) = D2’} = D*g(z") = {g' (z")}.
2) If @ is convex, then
D¢(e’) =D ola") ={a* e X% : g(z) — o(z") = (2%, 2—2% VreX).

3) If @ satisfies a Lipschitz condition with a constant C in a neighborhood of x, then
lx*xll, € C for any z*e Dp(z®)..

4y 1f %x° is a point of a local minimum of @, then O=D-¢lz%).
5) The multivalued map D-@(-} has the following lower semicontinuity type property:

Do (@) = N ot U [DTelgp(@):]e— 2 <a ol o (2) — 9 (7] <.
g=>0

6) If dimX < =, then the set &; (cl'@}(z) in (1) can be replaced by o (et o) ().

7) If A=R, then the set D~(Ap)(z’) coincides with AD-g(z®) for all A > 0, and with
MD*p(z’) for A < U.

8) If ¢. is strictly differentiable at x°, rhen
D791 + 9) (%) = D7, (2% + 5 (27).

9) The set D g(a") is contained in Clarke's generalized gradient Bop(2®) of @ at x® 22
23], also the set D°(2°) is contained in the symmetric generalized gradient [24],

s
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10) If dimX < « and ¢ satisfies a Lipschitz condition in a neighborhood of x”, then

D'¢(z°) is contained in any derivate set of Warga [25] of ¢ at x’

11) If ¢ 1is continuous from X to Z, then for equality to hold in (6) it is sufficient
that one of the two following conditions holds:

a) dimZ < =, and ¢ satisfies a Lipschitz condition in a mneighborhood of x°

b) ¢ is strictly differentiable at x°.

Properties 12)~16), given later, are established under the assumption that the space
X satisfies the following Condition A. This condition is also used in the proof of the gen-
eralized Euler equation in the next section.

Condition A. There is on the space X a scalar function ¥ such that ¥(0) = 0, v(x) > 0O
if x # 0, ¥ is continuous in a neighborhood U of the zero element and Frechet differentiable
on U\ {U}, and '), 2 1 1f z=UMOL.

We note that Condition A holds, e.g., in any reflexive space.
12) If ¢ satisfies a Lipschitz condition in a neighborhood of x”, then D*g(z®) + @; also
cleo D°g(x°) = dcpla®).

13) If at least ome of ¢, ¢, satisfies a Lipschitz condition in a neighborhood of x?

then
D~(q + @) (") = D¢, (z°) + D~ @a(2°).
14) If @, 1 =1, £,...,m, satisfy a Lipschitz condition in a neighborhocd of x°, and
plz) =max {giz): i=1, 2, ..., m} , then

Do) < U [g D1 (29 1533 0,2 (s (29) — 9 (@) = 0, i 1,2, 3 = 1]

15) If ¢ satlsfles a Lipschitz condition in a domain containing the segment [x;, x2],
then there are a point z°<lz,, 2l and an element z* & D°g(z°) such that

olx,) — @la,) = (x*, 2, —x,>.

16) If a space Z satisfies Condition A, and if the functions ¢@:X—Z and g:Z >~ R satisfy
a Lipschitz condition in a neighborhood of x% and @(z°), respectively, then

D™ (g-9) (@) = U [Duvp (2) : 2* = D7 (g (+Y)].

These properties of generalized differentials enable us to apply the constructions in
the analysis of nonsmooth functions and in an investigation of nomsmooth optimization prob-
lems. As is clear from properties 9) and 10), generalized differentials have definite ad-
vantages compared with Clarke's generalized gradients and the derivate sets of Warga. Ioffe
has established the following result, which shows that the lower generalized semidifferential
is the best (in a certain sense) construction among all possible generalizations of the con-
cept of a derivative that have the natural properties.

17) If D-¢(.) is a generalized derivative for which properties 2) [not taking Dog(z")
into account], 4), 5), and 13) hold, then the set D g¢(z°) contains the lower generalized
semidifferential of ¢ at x

We note that, in contrast to the majority of known generalizations of the notion of a
derivative, the generalized differentials (1)-(4) can be nonconvex. For example, for a func-
tion ¢:R—~ R defined by ¢(z)=—lzl, z=R, we have D-@(0)={-1, 1}. Other examples of the cal-
culation of generalized differentials can be found in [14, 18]

Let Q be a nonempty set in X, and z'€clQ. For any ¢ > 0 we define the convex set
0 * * . (a*, 2 —2%
N, (2*|Q) = Jz* = X* :lim sup =5 -
) ; 2x—x0 Hx “
xEQ
called the set of e-normal elements to @ at x°. By using this construction we define the

cone

, K(z°|9)y=s[locl UIN:(z]Q:ze=clQ, |z —2°|<e], (N
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which is called the generalized normal cone to Q at x%. The elements of the set (7) are

called generalized normals.

Tt is not difficult to establish that the generalized normal cone (7) coincides with the
lower generalized semidifferential (and with the generalized differential) at x° of the in-
dicator function &(:[clQ) of the set ¢lQ (8(z[elQ) =0, if z=clQ, and 8(zlclD) =00, if z&clQ).
Thus, certain of the above-mentioned properties of generalized differentials carry over to
generalized normal cones. In particular, when Q is convex, the set {(7) coincides with the
normal cone to Q in the sense of convex analysis.

On the other hand, the lower generalized semidifferential of a function ¢ can be de-
fined in terms of the generalized normals to its overgraph E(p) ={{z, p)e XX R ¢z} <pl
Namely, the following representation is valid:

Dolz") ={z* = X*: (z*, —1) € K(z2°, p(z") |E(¢))}.

A similar representation can be written down for the upper generalized semidifferential (in
terms of the generalized normals to the subgraph).

Let M be a closed set in Z and ¢ a function from X to Z. We consider the set
Elp) ={(z, e XXZ plx) -z M} (8)

If M = {0}, then the set (8) coincides with the graph of ¢. If M is a convex cone defining
a preordering relation in Z (a cone of nonpositive elements), then the set (8) can be treated
as the overgraph of ¢. The following theorem gives a representation of generalized normals
to the set (8); its proof is in [14].

THEOREM 1. Let (2°, ") =&(p), and let @ satisfy a Lipschitz condition in a neighborhood

0 Then

of x
K (2% 2| & (@) = {(2*, —2*) & X* X Z* 1 2% & Dougp (20), 2% = K (9 (2°) — 2°| M)},
If, in addition, dimZ < «», then in the latter inclusion we have equality.

2. THE GENERALIZED EULER EQUATION

Let @1, f2,...,0n be nonempty closed sets in a space X. The system of sets Qi, 1

il

i,

(=t

Q5
1
@; 2) there are sequences {aj)J=X, i =1, 2,...,n, converging to the zero element such that

2,..-,n, is called an extreme system [13, 14, 19] if the following conditions hold: 1)
i

n . Tt
N Qp=@, where Qu=I{2—ai:ize}, i =1, 2,...,n, k = 1, 2,.... Also each point 2°e={ Q.

j==<1 1=}

is called an extreme point of the system of sets Qj, i = 1, 2

s Zgea.,Ti,

The notion of an extreme system characterizes the mutual position of sets in a space.
There is a close connection between the extremeness of a system of sets and separation. We
give below a necessary condition for the extreme property of a system that plays a basic role
in the derivation of necessary conditions for optimality in nonsmooth and nonconvex extremum
problems. It is assumed that the space X satisfies Condition A.

THEOREM 2. Let x° be an extreme point of a system of closed sets Q:, 1 =1, 2,...,n,

Then for any € > U there are points yieSLﬂ[x”+eB];x:€zAk(yH£L), i=1, 2,...,n, such that

él J#i], =1 and

3

AR SR S (9)
If, in addition, X = X; x Xz, dimX; < =, x° = (%7, x3), and the sets Qi, 1 =1, 2,...,n— 1,
have the form
CQi=Az, )= X, XX, 2, € Qu, -z == gpilzy)},

where ;3 1s a closed set in X, epi-Lipschitzian at xJ T and @ 1s a function from X; to X,
satisfying a Lipschitz condition in a neighborhood of X1, then there are elements xzele(xOIQg,
i=1, 2,...,n, not simultaneously zero, such that (9) holds.

TA set Q=X is called epi-Lipschitzian at =@, if thereare a 6 > U and a nonempty open set
VeX such that z+#Fe@ for all zeQn[«°+6B], te(0,8), sV [27].
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For n = 2, Theorem 2 can be regarded as a generalization of the classical theorem on
the separation of convex sets {(in the statement of Theorem 2 the possibility that dimX, = O
is not excluded). 1In the general case it generalizes the theorem of Dubovitskii and Milyutin
[9]. By analogy with this result the relation (9) is called a generalized Euler equatiom.
The condition that the sets are epi-Lipschitzian is an analogue of the traditional condition
of solidness. We note that in the case of a finite-dimensional space X, the assertion in the
second part of Theorem 2 follows from the first part without additional assumptions regarding
the structure of the sets 5, i =1, 2,...,n — 1. Also we obtain a generalization of the
corresponding result in [11].

Proof of Theorem 2. We first consider the case n = 2. Let ¥ be a scalar function on X
whose existence follows from Condition A. It follows from the extreme property cf the system
of sets 1, Q2 that for any € > U there is an @=X such that ¥(a) < e® and ¥(x —y +a) > U
for all z=Q, and y=Q,. By using Ekeland's variational principle [28], we conclude that
there are points yeQ,n [x°+eBl, i = 1, 2, such that Plx —y+a)—bly, —y. +a) +ellz, y) — (g,
ya)ll 2 0 for all z=Q, and y=Q,. Without loss of generality we may assume that ¢ is dif-
ferentiable at yv; —v2 + a. We set x% = —'"(y1 —ys + a). It follows from the above in-
equalitv that z*e N.(y,]1Q,) and —z*=N.(3.]Q,). Also lx*lx > 1. By putting x; = x*/2lx*|l, and
xi‘ = -—x’f we complete the proof of the first part of Theorem 2.

Now we prove the second part. By what was proved above there are sequences {y,} <&,
{yu} =Q,, (22} = X*, and {ed <R, such that 2 & N, (yunlQ), —2i & Ney o] Q) lzal =1, k = 1, 2,...,
Vik > x?, Yok x", and ex > 0 as k > ». Let x* be the limit point of {x{é}. Cbviously z¥ &
K(z'Q,), and —z*e=K(z"1Q,). We have to prove that x* =z 0,

We assume that 3 is epi-Lipschitzian at x". Then by definition there are a § > 0 and
an =X such that z+tF€Q, for all t=(0,8), zeQ,N[z*+8B], and ¥=x +8§B. For every k =

1, 2,... we can find an Z,=Z <+ 6B, such that <x;,§k¥§>>%. Also (x:,:—ck)=tlilft"1 Cxny (yun +
—>+0

— — 5 .. o
ixh)—ylk>< EhﬁzkﬁQI for a sufficiently large k; hence (x;, x)g-—-i—. It follows from here

that (a*,zy<—o. Thus, x* = 0.

Now suppcse that X = X3 x Xz, dimXz < w, x% = (x, x3), and 91 has the form
Qi={($1, m)EX XX, x5, =8y, xz=(P($1)},a

where @, is a closed set in X; that is epi-Lipschitzian at xg, a%d Q@ is a funcgion from X1
to X» that satisfies a Lipschitz condition in a neighborhood of xi. Then X* = XT x X7, dim

Xy=dim X,< 00, 1= (L1, @ (Z13)), Zp= {(ztr zy)s k =1, 2,..., and x* = (X’f, Xé‘) . By hypothesis for
every k = 1, 2,... we have
¥* *
; (Fipr &= 213> (Fgp © (&) — 9 (F10)) <
E 8’
SR TG ) — e ¢ o) ] =
x €054
and so
. (FIp® — %) ]
. lim s <ep + [ Ton e
somy P T G @)= Er 0G| |l
£S04 .

Since @ is Lipschitz there is a C > 1 such that li(z, plx)) — (&, @lzp) <Cllz —z4l, and so

<$:h’ z— xlk) <~

lim su g
xoxgp P ﬂ"“”mﬂ =
=Ry :
where Eh =C(ah+|]x;h“*). Thus, fszENgA (]Qy), k = 1, 2,... . We assume that x; = 0. Without

loss of generality we may assume that x;fk > 0 as k > w. Then Ixjpls = 1 and g >~ O as k > =,
* P ~ ~ . % 7 k . . .

v put vt —aflanle and G =5/lehl,. Obviously, v Ny @ul@uhlsil =1 k=12, 80

as k > 0 and x> is a limit point of {yf}. Since Q1; is epi-Lipschitzian at x93, by what has

been proved above we have X? # (. This proves the theorem for n = 2.

. . Q9 - «
The general case reduces to the one we have just proved. For if x° 1s an extreme0p01nt
of a system Q1, 92,...,0 of closed sets, then it is not difficult_to establish that X~ =
2, 2% ..., 2= X"t is extreme for the sets D, =Q XX . KQuey and Q={(z, z, ..., D)Xt :z€Q,).
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It is obvious that X07! satisfies Condition A. To complete the proof of Theorem 2 it is now
enough to use elementary representations of sets of c-normal elements and generalized normal
cones to Q1 and Qo [26].

3. ABSTRACT CONDITIONS FOR EXTREMENESS

Let © and M be closed sets in Banach spaces X and Z, respectively, and let ¢ be a func-
tion from X to Z. We assume that it is M-semicontinuous [this means that the set &(p) de-
fined by (8) is closed in X x Z]. A point z'€Q 1is called (g, Q, M)-extreme if ola"leM
and there is a sequence {z}=Z, converging to the zero element, such that [¢(Q)+
I NM=2, k =1, 2,.

The concept of a (@, Q, M)-extreme point embraces, similarly to extremeness in the sense
of Neustadt [1, 2], different concepts of a solution to optimization problems with scalar and
vector criteria and also to minimax problems. Theorem 3, proved below, gives necessary con-
ditions for (g, Q, M)-extremeness. It is assumed that the spaces Xand Z satisfy Condition A.

THEOREM 3. Let x° be a (g, Q, M)-extreme point. Then for any ¢ > U there are elements
(2= & (@) N (2% 0) +eBls y,=Q N [2° +eB], z¥*=X*, and z2*e=Z* such that [z%2%[, =1,

(z*, 2*) e Ny, 1&(p)), —z*e=N,(y,lQ).

1f, in addition, Z=12,X1Z, dipZ,<w, M=M,X{0}, 9= (¢, ¢) satisfies a Lipschitz condition
in a neighborhood of x", and M; is epi~Lipschitzian at ¢.(z%, then there is a nonzero element
2% —(z},25)= 2] x Z;  such that

0= Doy (2% + K (2°]9), (10)
5 & K (@, ()] 1), (i

This theorem generalizes and refines known necessary conditions for an extremum in op-
timization problems. The component @ of @ corresponds to equality type constraints., In
the conditions of the second part of Theorem 3, the assumption that Z, is finite-dimensional
means that in an explicit form we allow only a finite number of these constraints. The con-
dition that My is epi-Lipschitzian is an analogue of the solidness condition of the cone that
is usually used to define inequality type comstraints. Condition (10) is an abstract multi-

plier rule, and (11) contains the traditional conditions on the sign of multipliers and con-
dltlons of complementing nonrigidity.

Proof of Theorem 3. We consider in X x Z, as well as the set &(g), the set 0 = 0 x {0}.
Under our assumptions these sets are closed and form an extreme system; moreover (x°, 0) is
an extreme point for them. Obviously, the space X x Z satisfies Condition A. The assertion
of the first part of Theorem 3 follows from Theorem 2 with due regard for the elementary
representation

Ny, 01Q) =N,(y,]Q) X Z*,

Suppose that the assumptions of the second part of Theorem 3 hold. We again use Theorem
2. The set &g} is representable as

&lo) =z, 2, 2,) =X XZ, X Z,: (z, z) =&(g), 2=},

where &(@,) ={(z, z)eXXZ,:¢,(x) —z,€M,}. We show that &(p,) is epi-Lipschitzian at (x°, Q).
Since M; is epi~Lipschitzian, there are a § > C and a z,=Z, such that gz, +#, M, for all
t=(0, 8), z,= M, Nlg,(z*) +8Bl, 7,=z,+8B. We choose 6, > 0 so that llg,(z )=o) -zl <8, if (x,

z) e’ 0)+ 8,8 aud Gl\gmm(LC }}, where C is the Lipschitz constant of ¢. Then 1 +

"(cpi(x-l-tf)—ﬂpl(x))éid"-él? if (z, z) & (2 0+ 8,8, t= (0, §,), (%, 7)=(0, z,) +8,B. 1f ey —z=H,,
then since My is ep1—L1psch1t21an it follows that (pi(x-l-tx)—%zi——tz,)CMi The latter means
that the set &(g,) is epi-Lipschitzian at (x°, 0). By Theorem 2 there is a nonzero element
(%, —z*)=K(2, 0l&(¢)) such that (—z* z*)eK(z°, 0/Q). Taking into account the representation
of a generallzed normal cone to §, conditions (10) and (11) follow from Theorem 1.

Now we prove that z* 2 U. By the deflnltlon of a generalized normal comne there are se-
quences {zy, zu} S&(Q), |2}, 250, 220) = X* X ZF X ZF, and {e} =R, such that (z}, — zpy, — zzk)eNgh(:&:k,
Zyp, ;pz(zh)lg( )) k=1,2,..., (z, 2,) > &2, 0), and e > 0 as k > =, and (z%, z¥)e= X*XZ* is a limit
point of |z, zyx, Zan | - Furthermore let § > U and zZy=Z, be such that zg+tz1E M, if z=eMN
[o(z°) +68B), t=(0, 8), Z,=%,+ 6B, and X is an arbitrary point from (8/C)B. Then ’
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Q@ T 1T) — (20, — 17,) = (7)) — 20 T 1(Z, 17 @z, + 13)— plz)) e M,
for all ¢=(0, §) and all sufficiently large k. We have

(Fr 2) T (e 1) — (s T (0, (7, 12) — 0y (2

lim sup — — A <&
40 25 21 T (@y(zy + 17) — 9, (2,))] '
and so
* = ' - - - —-
o &) + <t 2y <en (€ + D + 12, ]) + clail,- 7))
If we now assume that z* = 0, then x* # U, and without loss of generality we may assume that

nz%" -0, (zm,zl>—>0 and (xk,1>-*<1* Z) as k » ». From the last inequality we obtain <x*,
x> < 0, which is impossible since x 1s an arbitrary point from (8/C)B. This contradlctlon
proves that z* # (, and the theorem is proved.

4, NECESSARY CONDITIONS FOR AN EXTREMUM IN PROBLEMS OF NONDIFFERENTIABLE PROGRAMMING

We illustrate an application of Theorem 3 for the derivation of necessary conditions for
an extremum by the following example of a mathematical programming problem:

®olz) — min, (12)
g lx)e M, : (13)
q)z(x)=0, (14)

zEQ. (15)

Here © and ¥, are closed sets in Banach spaces X and Zi, respectively, g :X—>R, ¢.: X~ Z,
and ¢.: X —2Z,. It is assumed that the spaces X and Zi satisfy Condition A, and that Z; 1is
finite-dimensional.

Let x” be a local solution to the problem (12)-(15), where @ ¢;, and ¢, satisfy a

Lipschitz condition in a neighborhood of x°, and M; is epi-Lipschitzian at ¢.(z°).

Obviously, x’ is (@, Q, M)-extreme for some § > 0, where ¢ ={(go— (29, s, @), 2=QN
[x% + §B], and M=R. x M x {0}, Also R x Z; x Z, satisfies Condition A, and all the as-
sumptions of the second part of Theorem 3 hold. An application of this theorem leads to the
following result.

THEOREM 4. If x° is a local solution to the problem (12)-(15), then there is a nonzero
* = (?vo» 7, Z;) e R XZiXZ; such that
0 & D:x (99, 91, 92) (2°) + K (2°[Q)

and condition (11) holds.

Taking account of the properties of generalized differentials in Sec. 1, Theorem 4 gen-
eralizes known results for the smooth and the convex cases [3-5]. It also generalizes and
refines results of Clarke, Warga (for the case when all the functions are defined in a neigh-
borhood of x°), and others [6-8, 13, 19, 2u].

We note that we can derive from Theorem 3 necessary conditions for an extremum for the
problem (12)-(15) without assuming that @, @i, and ¢: are Lipschitz, and that M; is epi-
Lipschitzian. These conditions are stated in terms of e-normal elements to the corresponding
sets (see [211]).

If M1 is convex, then the assumption that it is epi-Lipschitzian is equivalent to the
solidness condition int M; # ¢. Also (11) is written in the form
@;q-@dﬁDQOfmdb'mEMh

In the special case Z; = R™, M; = R®, and Z, = R, Theorem 4 gives a Lagrange multiplier
rule for the problem of nondifferentiable programming with a finite number of equalities and
inequalities

e:2) <0, i=1,2, ..., m,- (16)
@ilz) =0, i=m+4, .., mtn, (7
where @u, 1 =1, 2,..b,m + n, are scalar functions on X satisfying a Lipschitz condition in

a neighborhood of x°
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COROLLARY 1. If x° is a local solution to the problem (12), (15)~-(17), then there are
numbers A, 1 = 0, 1,...,m + n, not simultanecusly zero, such that

=0, i=0, 1, ..., m, (18)
A2’ =0, i=1, 2, ..., m, (19)
0= D-Ly{z") + K{z°]|Q), (20)

mtn

where Ly(z) = X Ag:(2), z=X.
i=p!

The multiplier rule (20) is a generalized condition for the Lagrange function L) to be
stationary. By applying the properties 7) and 13) of generalized differentials (Sec. 1), we
can deduce from it a multiplier rule in terms of the generalized differentials of the in-
dividual functions @i, i =0, 1,...,m + n.

COROLLARY 2. If x° is a local solution to the problem (12), (15)-(17), then there are
non-negative numbers A{, i = U, 1,...,m + n, not simultaneously zero, such that (19) and the
following condition hold:

m mtn -
0 X MD7e: (2% + X MDo:(a") + K (20| Q). (z1)
=0 {=m-+1 -~

In contrast to the classical rule for Lagrange multipliers and known generalizaticns of
it, in the multiplier rule (21), to equalities and inequalities (in a performance criterion)
there correspond different sets, namely, the analogues of a derivative. In addition, the
statement of Corollary 2 asserts that all multipliers (corresponding both to inequalities and
a performance criterion and to equalities) are non-negative. This is explained by specifying
equality type constraints and by a feature of the definition of a symmetric generalized dif-
ferential (4). The multiplier rule can be stated in a more useful form by using the construc-
tion of a generalized differential (3).

COROLLARY 3. 1If x° is a local solution to the problem {12), (15)-{(17), then there are
numbers Ai, 1 = 0, 1,...,m + n, not simultaneously zero, such that (18), (19) and the follow-
ing condition hold:

m-+n
0= 3 MDig:(x) +K (@]9). (22)
i=0
In contrast to the differentiable case, the relations (21) and (22), written in terms of
generalized differentials of the individual functions, and (20), written by using the Lagrange
function, are not equivalent. Corollary 2 gives, in general, weaker necessary conditions for
an extremum compared with Corollary 1. In turn, Corollary 3 is obtained as a result of a
certain weakening of the assertion of Corollary 2 (nevertheless it gives stronger mnecessary
conditions compared with Clarke's theorem [6]). We can also state a result which is "inter—
mediate" between Corollaries 2 and 3, if we use generalized differentials only for the in-
dices corresponding to equality type constraints, and for the remaining indices we retain,
in the statement of the multiplier rule, lower generalized semidifferentials.

For the problems (12)-(15), and (12), {15)-(17) considered above we can state normality
conditions that guarantee non-zero multipliers Ay in the assertions of Theorem 4 and Corol-
laries 1-3 (see [21]). These conditions are formulated in terms of the tangent cones of
Clarke and Clarke's generalized directional drivatives [22, 23, 27}. The conditions are a
generalization of the conditions for the linear dependence of gradients in differentiable
programming and Slater’s condition in convex programming.

Now we give examples of the application of the necessary conditions for an extremum
established in this section. We consider the following two problems of mathematical pro-
gramming in R?:

]xll“fizf-**min z; ] 4+ 22, — min,
.

P 7 .
@ 22+ )2t = 0, T o)+ o+ Loy =0,

The functions @u(z) =zl — lzol, @u(@)=2z,+ l2l, @s(2) =2\l + 22, @lz) = ||z, + 2!, and g, (z)= O, () +
x2/2, x =(zi, )& R?, in Problems (P1) and (P2) do not have a derivative at the zero element,
By using Corollary 2 we clarify whether the point U is a solution to either of the Problems
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(Py), (P;). For this we have to find the lower generalized semidifferentials of ¢: and 9,
and the symmetric generalized differentials of ¢. and ¢s. With due regard for property 8)
in Sec. 1, it is easy to establish that D-q0) ={(e,2):—~1<a <1} and Dg,0)={(2,a):—1<
ass1yU(=2, —1)U(~2, 1). The generalized semidifferentials of ¢, and ¢. are calculated
from the definition [18, 21]: D-g,0) ={{a, £1): 1< a<1}, D0 =1{(o;, o) :lal<a,<1}U
{(xa, a)l:—1<a<O0, D0 ={a, —D:—ft<ax<3U(-1, DUU, 1). For s, by property 8) we

have 5@5(0);{(0‘1;“2):'0‘11+%<°‘2<%} u {(-_Foc,a—%é—) :—f1<0&<0} U {(oc,%—) :—1<o&<1} U(-—«i,

2 2

We also observe that O does not belong to any of the sets AWD‘@AO)4—AJ§¢JO),le‘@JO)%~AQ§@JO)
for any *1 2 0, A2 2 0 not simultaneously zero. Hence it follows from Corollary 2 that the
point 0 is not a solution to either of the Problems (P;), (P2).

—ni)[j(i, _"i) It is not difficult to represent all these sets graphically on the plane R®.

We remark that one is unable to make this deduction from either Clarke's theorem [6]
(and its strengthened version [8]) or Warga's theorem [7]. For example, in the case of
Clarke's theorem, by the definition of a generalized gradient [22] we have 8.9,(0) = {{a, o) :

1 .
<o <1, ~1<a, <1} and 9¢9;(0) = {(oal, o) —l<sa <L —5<a, <;} [these representations can

also be obtained by using property 12) in Sec. 1], and each of these sets contains the zero
element. Thus, without calculating the generalized gradients of @, and ¢;, we can make the
deduction that Clarke's necessary conditions hold for the Problems {(P1), (Py).

It is clear from the above argumeunts that the application of Theorem 4 and its corclla-
ries is commected with the calculation (sometimes unwieldy) of the generalized differentials
of various nmonsmooth functions. In certain cases these calculations can be avoided by using
certain properties in Sec. 1. Thus, the function ¢ is representable as the sum of the func-—
tions (%1, x2) > lx1! and (x1, x2) > —Ix2l, whose generalized differentials are easily cal-
culated directly, and it follows from property 13) that D-¢,(0) is contained in {(a, *1):

—1 € o € 1} (actually, as we remarked ahove, these sets coincide), and it follows from Corol~
lary 2 that O is not a solution to the Problem (P1). Similarly, ¢, is representable as the
superposition of the functions (x1, x2) = Ix1l + %2 and x > Ixl, and the required estimates
of its generalized semidifferentials can be obtained from property 16).

Remark. 1If we use the dual criterion of a covering for nonsmooth operators that is
given in [29], then we can obtain a result close to Theorem 3 without assuming that the
space X satisfies Condition A. An application of the approximate subdifferentials intro-
duced in [3U] enables us, in general, to dispense with Condition A.

LITERATURE CITED

1. L. W. Neustadt, "A general theory of extremals,'" J. Comput. System Sci., 3, No. 1, 57-92

(1969) .

2. L. W. Neustadt, Optimization: A Theory of Necessary Conditions, Princeton Univ. Press
(1976). )

3. A. D. Ioffe and V. M. Tikhomirov, Theory of Extremal Problems {in Russian], Nauka, Moscow
(1974) .

4. V. M. Alekseev, V. M. Tikhomirov, and S. V. Fomin, Optimal Control [in Russian], Nauka,
Moscow (1979).

5. B. N. Pshenichnyi, Convex Analysis and Extremal Problems [in Russian], Nauka, Moscow
(1980).

6. F. H. Clarke, "A new approach to Lagrange multipliers," Math. Oper. Res., 1, No. 2, 165-
174 (1976} .

7. J. Warga, "Controllability and a multiplier rule for nondifferentiable optimization
problems," SIAM J. Control Optim., 16, No. 5, 8u3-812 (1978).

8. J.-B. Hiriart-Urruty, "Refinements of necessary optimality conditions in nondifferen-
tiable programming. I," Appl. Math. Optim., 5, No. 1, 63-82 (1979).

9. A. Ya. Dubovitskii and A. A. Milyutin, "Extremum problems in the presence of constraints,"
Zh. Vychisl. Mat. Mat. Fiz., 5, No. 3, 395-453 (1965).

10. H. Halkin, "Necessary conditions in mathematical programming and optimal control theory,"
Lecture Notes Econ. Math. Syst., 105, Springer-Verlag, Berlin (1974), pp. 113-165.

11. V. G. Boltyanskii, "The method of tents in the theory of extremum problems,"” Usp. Mat.
Nauk, 3V, No. 3, 3-65 (1975).

378



20.

21.

22.

23,

24,

5.

26.

28.

29.

30.

A. G. Kusraev, "'Convex approximations of nonsmooth operators and necessary conditions

for an extremum,’ in: Optimization [in Russianl}, No. 21, Novosibirsk {1978), pp. 41-54.
A. Ya. Kruger and B. Sh. Mordukhovich, "Extremal points and Euler’s equation in non-
emooth optimization problems,” Dokl. Akad. Nauk BSSR, 24, No. 8, 684-687 (1980).

A. Ya. Kruger, Generalized Differentials of Nonsmooth Functions [in Russian], Minsk
{1980), Dep. at VINITI, No. 1332-81.

B. Sh. Mordukhovich, "The maximum principle in an optimal speed of response problem with
nonsmooth constraints,"” Prikl. Mat. Mekh., 40, No. 5, 1014-1023 (1976).

B. Sh. Mordukhovich and A. Ya. Kruger, "Necessary conditions for optimality in a terminal
control problem with nonfunctional constraints,” Dokl. Akad. Nauk BSSR, 20, No. 12, 1064~
1067 (1976).

A. Ya. Kruger and B. Sh. Mordukhovich, "The minimization of nonsmooth functionals in
optimal control problems," Izv. Akad. Nauk SSSR, Tekh. Kibern., No. 4, 176-182 (1978).

A. Ya. Kruger and B. Sh. Mordukhovich, Generalized Normals and Derivatives, and Neces-—
sary Conditions for an Extremum in Problems of Nondifferentiable Programming. 1 [in
Russian}, Minsk (1980), Dep. at VINITI, No. 408-80.

A. Ya. Kruger and B. Sh. Mordukhovich, Generalized Normals and Derivatives, and Neces-—
sary Conditions for an Extremum in Problems of Nondifferentiable Programming. II [in
Russian], Minsk (1980), Dep. at VINITI, No. 494-80,

B. Sh. Mordukhovich, "Metric approximations and necessary conditions for optimality for
general classes of nonsmooth extremal problems," Dokl. Akad. Nauk SSSR, 254, No. 5, 1072~
1076 (1980). T

A. Ya. Kruger, Necessary Conditions for an Extremum in Problems of Nonsmooth Optimization
[in Russian], Minsk (1981), Dep. at VINITI, No. 1333-81.

F. H. Clarke, "Generalized gradients and applications," Trans. Am. Math. Soc., 204, 247-
262 {1975). T

F. H. Clarke, "Generalized gradients of Lipschitz functions," Adv. Math., 40, No. 1, 52-
67 (1981). T

J.-H. Hiriart-Urruty, "Tangent cones, generalized gradients and mathematical programming
in Banach spaces,” Math. Oper. Res., 4, No. i, 79-97 (1979).

J. Warga, Optimal Control of Differential and Functional Equations, Academic Press, New
York (1972).

A. Ya. Xruger, e-Semidifferentials and e-Normal Elements [in Russian], Minsk (1981), Dep.
at VINITI, No. 1331-81.

R. T. Rockafellar, "Generalized directional derivatives and subgradients of nonconvex
functions,” Can. J. Math., 32, No. 2, 257-280 (1980).

I. Ekeland, "On the variational principle,” J. Math. Anal. Appl., 47, No. 2, 324-353
(1974} . o

A. Ya. Kruger, "On a characteristic of the covering property for nonsmooth operators,”
in: School on the Theory of Operators in Function Spaces (Abstracts of Papers) [in Rus-
sian], Minsk (1982), pp. 94-95.

A, D. Toffe, "Sous-différentielles approchées de fonctions numériques,” C. R. Acad. Sci.
Paris, Sér. 1, 292, No. 14, 675-678 (1981).

379



