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In this article we introduce an abstract notion of extremeness, which similarly to the 
corresponding definition of Neustadt [I, 2] embraces different notions of a solution to ex- 
tremal problems, and establish necessary conditions for extremeness. These conditions are 
then concretized for the problem of nondifferentiable (locally Lipschitz) programming in a 
Banach space with equality and inequality constraints. We give conditions for optimality in 
the form of a generalized condition for the Lagrange function to be stationary, which are 
generalizations of known results for smooth and convex problems [3-5]. Also we generalize 
and refine the results of Clarke [6], Warga [7], and Hiriart--Urruty [8]. 

In contrast to the approach used most widely in the literature [I, 2, 5, 9-12], our de- 
rivation of necessary conditions for extremeness is realized without using any local approxi- 
mations of sets and functions. Here a generalized Euler equation [13, 14] plays the role of 
the separation theorem for convex sets and its modifications. The result characterizes the 
extreme position of a system of nonconvex sets in a space, and is a generalization of a theo- 
rem of Dubovitskii and Milyutin [9]. It enables us to extend many facts of convex analysis 
to nonconvex sets and functions. 

The necessary conditions are stated in terms of generalized differentials and general- 
ized normals, which are developments of the corresponding finite-dimensional constructions 
in [15-18]. They are used in [13, 15-17, 19-21] in the formulation of necessary conditions 
for optimality in nonsmooth problems of mathematical programming and of optimal control. In 
contrast to the majority of known generalizations of the notion of aderivative, generalized 
differentials can be nonconvex. They are more refined local characteristics of functions in 
comparison with Clarke's generalized gradients [6, 22-24] and with the derivative sets of 

Warga [7, 25]~ 

The definitions and certain properties of generalized differentials are given in Sec. I. 
In Sec. 2 we establish the generalized Euler equation. Abstract conditions for extremeness 
are proved in Sec. 3. Necessary conditions for an extremum for the general problem of non- 

differentiable programming are stated in Sec. 4o 

We use the following notation and terminology. The topological dual of a Banach space X 
is denoted by X*. Norms in a space and in its dual are denoted by II.II and !I'II,, respectively. 
<x*, x> stands for the value of a linear functional x*~%* at x~X. Unless stated otherwise, 
a dual space is assumed to be equipped with the weak* topology. The symbols int and cl de- 
note, respectively, interior and closure (the closure of a set in a dual space is understood 
to be the set of all weak* limit points of bounded sequences of elements of this set). The 
unit ball in a Banach space (with center at the zero element) is denoted by B. The sum of 
sets and the product of a set by a number are defined, respectively, by U + V = {u + v: 
a~U, v~V}, ~U={~u: u~U}, where ~ ~ 0 if U = ~, and 0.~ = {0}. Operations on functions 

are defined in the usual way. Also it is assumed that +~ + (-~) - +~ and 0.(• = 0. 

I. GENERALIZED DIFFERENTIALS 

Let X be a real Banach space, ~ an arbitrary function from X into R = [--oo, co] that is 
finite at x ~ For any s i> 0 we introduce the convex set 

o2~ (x ~ = I x *  ~ x * :  l ira i n f  ~ <'~> - ~ (x~ - <x*,  x - ~~ ~ = ~ 

i n  t h e  d u a l  s p a c e .  I t  i s  c a l l e d  t h e  ; o w e r  e-zeraCd's o f  ~ at x ~ T h i s  c o n s t r u c t i o n  
i s  t h e  s i m p l e s t  g e n e r a l i z a t i o n  of  t h e  n o t i o n  of  a F r e e h e t  d e r i v a t i v e  and  of  t h e  s u b d i f f e r e n -  
t i a l  o f  a c o n v e x  f u n c t i o n  [ 2 - 5 ] .  I t  i s  u s e d  i n  t h e  d e f i n i t i o n  of  t h e  more c o m p l i c a t e d  
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construction of a lower generalized semidifferential: 

e>0  . 

The symbol cP 9 in (~) denotes the lower semicontinuous hull of q;~ that is~ the function 
defined by cl. lcp(x)=]im,in~'~(y), x~X. When ~ is continuous (in a neighborhood of x~ ('I 

can obviously be simplified: 

D - ~ ( x  ~  N c] U [8~-q~(x):l!x--x~ 
e > o  

In the characterization of local properties of a function ~ we use as well as the lower gen- 
eralized semidifferential (I) the sets 

D+~ (z ~ = -- D- (-- q;) {.~'9, ( 2 ) 

Do~ (x ~ = D - ~  r  U m+~ '~ ~ (3) 

5q; r = D-~  (.,-~ U. [ - -  D++ (~~ ], (4) 
which are called, respectively, the <vper generalized semidiT~erential~ the generalized dif- 
ferential~ and the symmetric generalized differential of ~ at x~176 Let us note that the sets 
(1) and (2) can be nonempty simultaneously~ and are not contained in one another (see the 
examples in [18~ 23]).$ this justifies the introduction of the constructions (3) and (4). 

If q9 is continuous and takes values in a Banach space Z~ then for each z*=~Z * we can 
associate with it the scalar function Lz,(X)=<z*,cp(x)>,x~Xo By using this we define the sets 

~>o ' (5) 
D ~  (x ~ = {x* ~ X*  :(z*, z*) ~ D~ (zg~. 

The set (5) is called the generalized differential of q; at x ~ in the direction Z*o We note 
that 

D - L .  r  C D_~.~ r  (6) 

In what follows, when referring to the set of constructions (I) -<~5~, ~ we shall call them aen o- 
eralized differentials~ 

We give below some properties of generalized differentials (.for more details of the prop- 
erties of s-semidifferentials and generalized differentials see [14, 26]). Unless stated 
otherwise~ all functions are assumed to act from X into R~ and to be finite at x~ 

I) If ~ is strictly differentiab!e [4] at • then 

D~ ~ = D - ~ ( x  ~ = D+~(z  o) = { ~ ' ( x ~ 1 7 6  

2) If q; is convex~ then 

D~ ~ = D-~ (x  ~ --  {x* ~ X* : 9 (x)  -- qo(x ~ ~> <x*~ x -- x~ Vx ~ X}o 

3) If ~. satisfies a Lipschitz condition -with a constant C in a neighborhood of x ~ then 
llx*II, ~< C for any x*~-D~176 

4) If x ~ is a point of a local minimum of c,p.~ then O~D-ffj(x~). 

5) The multiva!ued map D-<9(') has the following lower semicontinuity type property: 

e>0 �9 

6) If dimX < ~s then the set 8[ (c] ~ q;) (x) in (I) can be replaced by @~ (c]$@) (x). 

7) If ~R~ then the set D-(~)(x ~ coincides with gD-c~(x ~ for all h >.b 0~ and with 
gD+<p(x ~ for i ~< @. 

8) If r is strictly differentiable at x ~ then 

D-i (qh  4- q~) (x ~ = D-q ; ,  (x ~ + q)'~ (x~ 

9) The set D-q;(x ~ is contained in Clarke's generalized gradient 8cq?(x ~ of q0 at x ~ [22, 
23], also the set DOq;(x ~ is contained in the symmetric generalized gradient [24]. 
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10) if dimX < ~ and ~ satisfies a Lipschitz condition in a neighborhood of x ~ then 
D~ ~ is contained in any derivate set of Warga [25] of ~ at x ~ 

11) If ~ is continuous from X to Z, then for equality to hold in (6) it is sufficient 
that one of the two following conditions holds: 

a) dimZ < ~, and ~ satisfies a Lipschitz condition in a neighborhood of x~ 

b) ~ is strictly differentiable at x ~ 

Properties 12)-16), given later, are established under the assumption that the space 
X satisfies the following Condition A. This condition is also used in the proof of the gen- 
eralized Euler equation in the next section. 

Condition A. There is on the space X a scalar function ~ such that ~(0) = 0, ~(x) > 0 
if x z 0, ~ is continuous in a neighborhood U of the zero element and Frechet differentiable 
on U\ {0}, and ll~'(x) I[, ~ I if x~U\{0}.  

We note that Condition A holds, e.g., in any reflexive space. 

12) If ~ satisfies a Lipschitz condition in a neighborhood of x ~ 

clcoD~ o) = Oct(X~ 

13) If at least one of ~, ~2 satisfies a Lipschitz condition in a neighborhood of x 0 , 

then 

then D'-cp(x ~ =/= ~ ;  also 

D-(qh + qh)(x ~ ~ D-%(x ~ + D-qJ2(x~ 

14) If q0+, i = I, z,...,m, satisfy a Lipschitz condition in a neighborhood of x ~ and 

r =.. max {q)~(x): i = t ,  2, . . ,  m} , then 

D-qv(x~  U [ 2  Z~D-q~(x~ Zi((P~(x~176 ~ 0 ,  i = l ,  2 , . . . , m ;  2 ) ~ = 1 ] .  
[ i=I i~l J 

15) If q) satisfies a Lipsehitz condition in a domain containing the segment [xl, x2], 
then there are a point x~ x2[ and an element x*ED~ ~ such that 

~(x=)- q)(x~) = <x*, x~ - x~>. 

16) If a space Z satisfies Condition A, and ifthe functions r and g:Z + R satisfy 
a Lipschitz condition in a neighborhood of x ~ and q0(x~ respectively, then 

D-  (go qo) (x ~ ~ U [D~,q) (x ~ : z* ~ D-g  (q) (x~ 

These properties of generalized differentials enable us to apply the constructions in 
the analysis of nonsmooth functions and in an investigation of nonsmooth optimization prob- 
lems. As is clear from properties 9) and 10), generalized differentials have definite ad- 
vantages compared with Clarke's generalized gradients and the derivate sets of Warga. loffe 
has established the following result, which shows that the lower generalized semidifferential 
is the best (in a certain sense) construction among all possible generalizations of the con- 
cept of a derivative that have the natural properties. 

17) If D-~(.) is a generalized derivative for which properties 2) [not taking D~ ~ 
into account], 4), 5), and 13) hold, then the set D-~p(x ~ contains the lower generalized 

semidifferential of qn at x ~ 

We note that, in contrast to the majority of known generalizations of the notion of a 
derivative, the generalized differentials (I)-(4) can be nonconvex. For example, for a func- 
tion r defined by r x~R, we have D-qp(0)-----{--~, 2}. Other examples of the cal- 
culation of generalized differentials can be found in [14, 18]. 

Let ~ be a nonempty set in X, and x~ For any e /> 0 we define the convex set 

<~*, z - ~~ ] 
N8 (x ~ I f~) = ' I  x* ~ X* : lira sup ~ e II - x ~ II / ' 

/ 

called the set of g-normdl elements to 9 at x ~ By using this construction we define the 

cone 

K(x~ f] cl U [ N ~ ( x t ~ ) : x ~  cl~,  !lz--x~ (7) 
8:>0  
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which is called the generalized normal cone to ~ at x ~ The elements of the set (7) are 
called generalized normals. 

It is not difficult to establish that the generalized normal cone (7) coincides with the 
lower generalized semidifferential (and with the generalized differential) at x ~ of the in- 
dicator function 8(.[clQ) of the set clQ (6(xlclQ)=0, if x~clQ~ and 6(xlc|~)-~. if x~clQ). 

Thus, certain of the above-mentioned properties of generalized differentials carry over to 
generalized normal cones. In particular~ when ~ is convex, the set (7) coincides with the 
normal cone to ~ in the sense of convex analysis. 

On the other hand, the lower generalized semidifferentia! of a function ~ can be de- 
fined in terms of the generalized normals to its overgraph E(~)={(x, ~)~XX~:~(x) ~}. 
Namely, the following representation is valid: 

D-~(x~) = {x* ~ X* : (x*, - l )  ~ K(x ~, ~(x ~ IE(~))}. 

A similar representation can be written down for the upper generalized semidifferential (in 
terms of the generalized normals to the subgraph). 

Let M be a closed set in Z and ~ a function from X to Z~ We consider the set 

~ ( ~ )  = {(x, z ) ~ X •  z~M}. (8 )  

If M = (0}, then the set (8) coincides with the graph of ~. If M is a convex cone defining 
a preordering relation in Z (a cone of nonpositive elements), then the set (8) can be treated 
as the overgraph of ~. The following theorem gives a representation of generalized normals 
to the set (8); its proof is in [14]. 

THEOREM I. Let (x ~ z ~ and let ~ satisfy a Lipschitz condition in a neighborhood 
of x ~ . Then 

K (x ~ z ~ I ~ (~)) ~ {(x*, -- z*) ~ X* • Z* : x* ~ D~,~ (x~ z* ~ K (r (x ~ -- z~ ] M)}. 

If, in addition, dimZ < ~, then in the latter inclusion we have equality. 

2. THE GENERALIZED EULER EQUATION 

Let ~l, ~2,...,~n be nonempty closed sets in a space X. The system of sets 2i, i = 1, 

2,...,n, is called an extreme system [13, 14, 19] if the following conditions hold: I) ~ Qi=~ 

~; 2) there are sequences {a~}~X, i = I, 2,...,n, converging to the zero element such that 

Qih=~, where f~={x--a~:x~fl~l, i = 1, 2,...,n, k = I, 2,.... Also each point x~ N Q~ 

is called an extreme point of the system of sets ~i, i = I, 2,...,n. 

The notion of an extreme system characterizes the mutual position of sets in a space~ 
There is a close connection between the extremeness of a system of sets and separation. We 
give below a necessary condition for the extreme property of a system that plays a basic role 
in the derivation of necessary conditions for optimality in nonsmooth and nonconvex extremum 
problems. It is assumed that the space X satisfies Condition A. 

THEOREM 2. Let x ~ be an extreme point of a system of closed sets ~i, i = I ~ 2,...,n. 
Then for any ~ "> U there are points y ~ N  [x~ ~Ne(y~IQi) , i = I, 2,...,n, such that 

II*  If. =, and 

x ~ + x ~  + ' . . .  + ~ O. (9)  

If, in addition, X = Xl x X2, dimX2 < oo, x~ : (x 0 , x~ and the sets ~i, i = I, 2,.~ -- I, 
have the form 

where ~i~ is a closed set in X2, epi-Lipschitzian at x~. t and ~ is a function from Xl to X2 
satisfying a Lipschitz condition in a neighborhood of x~, then there are elements x[~K~Ol~) ~ 
i = I, 2,...,n, not simultaneously zero, such that (9) holds. 

tA set Q~X is called epi-Lipschitzian at x~ if there are a 6 > V and a nonempty open set 
VeX such that x+t2~ for all x~N[xO+6B],t~(O,~),~V [27]. 
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For n = 2, Theorem 2 can be regarded as a generalization of the classical theore;n on 

the separation of convex sets (in the statement of Theorem 2 the possibility that dimX2 = 0 

is not excluded). In the general case it generalizes the theorem of Dubovitskii and Milyutin 
[9]. By analogy with this result the relation (9) is called a generalized Euler equation. 

The condition that the sets are epi-Lipschitzian is an analogue of the traditional condition 

of solidness. We note that in the case of a finite-dimensional space X, the assertion in the 
second part of Theorem 2 follows from the first part without additional assumptions regarding 
the structure of the sets ~i, i = I, 2,..o,n -- I. Also we obtain a generalization of the 

corresponding result in [11]. 

Proof of Theorem 2o We first consider the case n = 2. Let ~ be a scalar function on X 
whose existence follows from Condition A. It follows from the extreme property of the system 

of sets ~i, ~2 that for any ~ > 0 there is an a~X such that ~(~) ~ e 2 and @(x -- y + ~) > d 
for all x ~  and y~. By using Ekeland's variational principle [28]~ we conclude that 

there are points y ~ R  [x~ i = I, Z, such that ~(x--y+a)--~(y~--y~+a)+~iI(x, y)--(y~ 
y2)]l ~ 0 for all x~O~ and y~z. Without loss of generality we may assume that ~ is dif- 

ferentiable at Yz -- y2 + ~o We set x* = --r -- Y2 + ~)- It follows from,the above in- 
edualitv that x*~ N~(y~]~) and -x*~N~(y~IO~). Also Ilx*ll, ~ I. By putting x, = x*/21lx*H, and 
xa =--x~ we complete the proof of the first part of Theorem 2. 

Now we prove the second part. By what was proved above there are sequences {y~}~, 

{y2~}~, { z ; } ~ X  $, and { e a } ~ + ,  such that x~Ne~(y~[~l) , - -x~Ne~(y2~]~) , i lx~lL=~,  k = 1, Z , . . . ,  
Ylk § x~ x~ , Y2k § , and e k + 0 as k § ~. Let x* be the limit point of {x~}. Obviously x* 

~(x~ and --x*~(x~ We have to prove that x* ~ 0. 

We assume that Si is epi-Lipschitzian at x ~ Then by definition there are a 6 > 0 and 
an ~ X  s~ch that x+t~ for all t~(0, ~), x~[x~ and ~+~B. For every k = 

I~ 2,~176176 we can find an ~ + ~ ,  such that <x~,x~--X>> ~ . Also <x~,x~>=]imt-i<x~,(y~+ 

- 3 , 8 It follows from here ~)--~>~s ~ for a sufficiently large k; hence <x~,x>~ 4" 

that <x*,x> < 6 --~. Thus, x* ~ O o 

Now suppose that X = Xi x X2~ dimX2 < m, x ~ = (x ~ x~)~ and ~i has the form 

~, = {(x~, x~) ~ X~ X X~ : x, ~ ~ , , ,  x~ = ~(x~)] ,  

where ~ is a closed set in X~ that is epi-Lipschitzian at x~, and ~ is a function from Xi 
to X2 that satisfies a Lipschitz condition in a neighborhood of x~. Then X* = X~ x X~, dim 
X~=dimX~<o%y~=(xi~,~(x~)),x~= (xi~,x~), k = 1, 2~..~ and x* = (x ~ x~). By hypothesis for 

every k = I, 2,... we have 

~ m  -sup < ~ '  ~ -  ~ >  + <~$~' ~ (~) - ~ (~h)> ~< ~, 

and so 

Since 

<~1*~,x -- xlh > ~ 
sup + ll  d,. 

is Lipschitz there is a C > I such that ll(x, cp(x))--(x~k, ~(x~))ll<~Cilx-x~[l, and so 

lira sup < lh'z--xxa> ~, 

J. 

Thus, xl ~* ~i~ (x1~Jf~11 ), k = I, 2,. . . . .  We assume that x 2 = 0 Without where ~h = C ( S k  q- i l~ ; ,~ l l , ) .  

loss of generality we may assume that X~k § 0 as k § ~. Then llX~kIl, § I and ~k § 0 as^ k § ~. 

We put y*h----X'ik/~Xl*h[[* and ~=~/Ilx~kIl.. Obviously, y~(xlk]~li),lly*kll~----i, k----i, 2,...; eh-+0 

as k § 0 and x~ is a limit point of {y~}. Since ~zz is epi-Lipschitzian at x ~ by what has 

been proved above we have x I ~ b. This proves the theorem for n = 2. 

The general case reduces to the one we have just proved. For if x ~ is an extreme point 
of a system Oz, ~2,...,gn of closed sets, then it is not difficult to establish that i ~ = 
(x~ x ~ ..., x~ ~-i is extreme for the sets ~=~iX~zX...X~-~ and ~2={(x, x, . .... x)~X~-i:x~f~}. 
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It is obvious that X n-~ satisfies Condition A. To complete the proof of Theorem 2 it is now 

enough to use elementary representations of sets of s-normal elements and generalized normal 

cones to ~i and ~2 [26]. 

3. ABSTRACT CONDITIONS FOR EXTREMENESS 

Let ~ and M be closed sets in Banach spaces X and Z, respectively, and let q0 be a func- 
tion from X to Z. We assume that it is M-semicontinuous [this means that the set ~(q0) de- 
fined by (8) is closed in X • Z]. A point x~ is called (q~, f~, M)-extreme if q~(x~ 
and there is a sequence {z~}~Z, converging to the zero element, such that [~(~].)+ 

zk] NM=~, k = I, 2,.... 

The concept of a (q0, ~, M)-extreme point embraces, similarly to extremeness in the sense 
of Neustadt [I, 2], different concepts of a solution to optimization problems with scalar and 
vector criteria and also to minimax problems. Theorem 3, proved below, gives necessary con- 
ditions for (% Q, M)-extremeness. It is assumed that the spacesXand Z satisfy Condition A. 

THEOREM 3. Let x ~ be a (T, ~, M)-extreme point. Then for any ~ > 0 there are elements 

(Yl, Z ) ~ ( q ) )  ~ [(x~ y2~g2 ~ [x~ x * ~ X * ,  and z * ~ Z *  such that f1~x*,z*ll,--l, 

(x*, z*) ~N~(y, ,  zl~(q))), - x *  ~N~(yzIQ). 

If, in addition, Z = Z ~ X Z 2 ,  dirpZ~<oo, M=M~X{0}, ~= (%, ~2) satisfies a Lipschitz condition 
in a neighborhood of x ~ and M1 is epi-Lipschitzian at %(x~ then there is a nonzero element 
z*~(z~,z$)~Z~ X Z~ such that 

0 ~ Dz,q) (x ~ + K (x ~ ] 0..), ( 10 ) 

This theorem generalizes and refines known necessary conditions for an extremum in op- 
timization problems. The component q2 of .9 corresponds to equality type constraints. In 
the conditions of the second part of Theorem 3, the assumption that Z2 is finite-dimensional 
means that in an explicit form we allow only a finite number of these constraints. The con- 
dition that M1 is epi-Lipschitzian is an analogue of the solidness condition of the cone that 
is usually used to define inequality type aonstraints. Condition (10) is an abstract multi- 
plier rule, and (11) contains the traditional conditions on the sign of multipliers and con- 
ditions of complementing nonrigidity. 

Proof of Theorem 3. We consider in X x Z, as well as the set ~(~), the set ~ = ~ • (0). 
Under our assumptions these sets are closed and form an extreme system; moreover (x ~ 0) is 
an extreme point for them. Obviously, the space X • Z satisfies Condition A. The assertion 
of the first part of Theorem 3 follows from Theorem 2 with due regard for the elementary 
representation 

N~(y2, OiF2) =.N~(F2I(~) X Z*. 

Suppose that the assumptions of the second part of Theorem 3 hold. We again use Theorem 
2. The set ~(~) is representable as 

~(q)) = {(x, z,, z~) ~ X X Z, X Z~ : (x, z,) ~ ~(q~,), z~ -- q)~(x)}, 

where ~(qh)={(x, z~)~X• We show that -~(q0~) is epi-Lipschitzian at (x ~ , 0). 
Since Ml is epi-Lipschitzian, there are a 6 > 0 and a z~Z~ such that z~+t%~EM~ for al~ 
t~(O~ 8), z1~M~n[~i(x~ %~+6B. We choose ~i > 0 so that ll~,(x)--%(x~ if (x, 

8 . 
z~)~(x ~ 0)+8~B and 8~-fmm(~,C-~), where C is the Lipschitz constant of ~~ Then ~ + 

t-~(~(x+t~)--%(x))~5~-bSB, if (x, z~)~ (x~ 0)+~, t~(0, 8~), (~, 5~)E(~ 5~)+5~B. If ~(x)--z~M~, 
then since M~ is epi-Lipschitzian it follows that ~(x+t~)--(z~-t~)~M~. The latter means 

that the set ~(qh) is epi-Lipschitzian at (x ~ 0). By Theorem 2 there is a nonzero element 
(x*", --z*)~K(x ~ 0]~(q~)) such that (--x*, z*)~K(x ~ 01~). Taking into account the representation 
of a generalized normal cone to ~, conditions (10) and (11) follow from Theorem ~. 

Now we prove that z* ~ O. By the definition of a generalized normal cone there are se- 
quences {x~, z~}c-~(qh) , {x~,z~*,z2*~}~X*xZ~ ~Z~, and {e~}~/{+ such that (x~,--z~,--* z~*~)~N%(x~, 

z~, ~2(x~)l~(9)),k=l,2 .... , (x~, z:a)-+(,x~ 0), and ~k § 0 as k § ~, and (x '~', z*)~X*XZ* is a limit 
point of {x~,z~h, z2~}. Furthermore, let 6 > O and Z~Z~ be such that z~+t%~M~, if z~MtO 
[%(x~ t~(0, 8), Z~z~J-@B~ and x is an arbitrary point from (@/C)B. Then 
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for all t ~ (O ,  6) 

and so 

q),(x, + tY. ) - (z,~ - t~)  = r - z~ + t(~, + t -q%(x~ + t 2 ) -  q~(x~))) ~ Ml 

and all sufficiently large k. We have 

l im sup <z~, ~> + <z~h, F~> -- <z~h, ~'1 (qO2 (Z h + ~ )  - -  q92 (Xh))> ~ 8h, 
II;:, , - '  + - %. (x ))II " 

If we now assume that z* = 0, then x* ~ 0, and without loss of generality we may assume that 

Ilz~kll, -+0, <z1~,z1>-+0, and <xk, x>-+<x*,~> as k + ~. From the last inequality we obtain <x* 
x> ~ 0, which is impossible since x is an arbitrary point from (6/C)B. This contradiction 
proves that z* z 0, and the theorem is proved. 

4. NECESSARY CONDITIONS FOR AN EXTREMUM IN PROBLEMS OF NONDIFFERENTIABLE PROGRAMMING 

We illustrate an application of Theorem 3 for the derivation of necessary conditions for 
an extremum by the following example of a mathematical programming problem: 

~o(X) -+ rain, ( 1 2) 
~,(x)  ~ Mi, ( 13) 
~z(x) = 0, (14)  

x ~ .  (15) 

Here  ~ and ~1 a r e  c l o s e d  s e t s  in  Banach s p a c e s  X and Z1, r e s p e c t i v e l y ,  ~o:X--+R,  ~ i :X - -+Zt ,  
and ~2:X--~Za. I t  i s  assumed t h a t  t he  s p a c e s  X and Z1 s a t i s f y  C o n d i t i o n  A, and t h a t  Z2 i s  
finite-dimensional. 

Let x ~ be a local solution to the problem (12)-(15), where ~0, %, and ~2 satisfy a 
Lipschitz condition in a neighborhood of x ~ and M1 is epi-Lipschitzian at ~i(xQ). 

Obviously, x ~ is (~, Q, M)-extreme for some 6 > 0, where ~=(~0--~0(x~ ~, ~2), Q=~@ 
[x ~ + 6B], and M = R- x MIx {0}. Also R x Z1 x Z2 satisfies Condition A, and all the as- 
sumptions of the second part of Theorem 3 hold. An application of this theorem leads to the 

following result. 

THEOREM 4. If x ~ is a local solution to the problem (12)-(15), then there is a nonzero 

Z* ~ (~0, * * * * Z l , Z ~ ) ~ R 4 X Z I X Z  2 such  that 

0 ~ D~, (%, ~1, ~2) (x~ + K (x~ I~) 

and c o n d i t i o n  (11) h o l d s .  

Taking account of the properties of generalized differentials in Sec. I, Theorem 4 gen- 
eralizes known results for the smooth and the convex cases [3-5]. It also generalizes and 
refines results of Clarke, Warga (for the case when all the functions are defined in a neigh- 

borhood of x~ and others [6-8, 13, 19, 2u]. 

We note that we can derive from Theorem 3 necessary conditions for an extremum for the 
problem (12)-(15) without assuming that ~0, ~, and ~2 are Lipschitz, and that MI is epi- 
Lipschitzian. These conditions are stated in terms of g-normal elements to the corresponding 

sets (see [21]). 

If Mz is convex, then the assumption that it is epi-Lipschitzian is equivalent to the 
solidness condition intM1 ~ r Also (11) is written in the form 

<z~;zi--~l(x~ % r a l l '  z i ~ M t .  

In the special case Z Z = R m, Mz = P~, and Z2 = R n, Theorem 4 gives a Lagrange multiplier 
rule for the problem of nondifferentiable programming with a finite number of equalities and 

inequalities 

~,(x)~O, i = l ,  2 . . . . .  m, (16) 

~ ( X ) = 0 ,  i = m + l t . . . ,  m + n ,  (17) 

where ~., i = 1, 2,..o,m + n, are scalar functions on X satisfying a Lipschitz condition in 

a neighborhood of x ~ 
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COROLLARY I. 
numbers %i, i = 0-, 1,...,m + n, not simultaneously zero, such that 

2~>0,  i = O ,  ! ,  "", m, 

~ ( x  ~ = 0: i = t, 2 . . . . .  rn, 

0 ~ D-L~(x ~ ) + K(x ~ [Q), 

If x ~ is a local solution to the problem (!2), (15)-(17), then there are 

(18) 

(19) 

(20) 
m+n 

where L~, (x) = ~ Ziq% (X), x ~ X .  
i=Ot 

The multiplier rule (20) is a generalized condition for the Lagrange function Lk to be 
stationary. By applying the properties 7) and 13) of generalized differentials (Seco I), we 
can deduce from it a multiplier rule in terms of the generalized differentials of the in- 
dividual functions ~, i = 0, 1,...,m + n. 

COROLLARY 2. If x ~ is a local solution to the problem (12), (15)-(17), then there are 
non-negative numbers %i, i = o, 1,...,m + n, not simultaneously zero, such that (19) and the 
following condition hold: 

�9 m + n  

0 ~  ~D-~i(x ~ ~ %~D~(x ~ ~ ( 2 ! )  

In  c o n t r a s t  to  t h e  c l a s s i c a l  r u l e  f o r  Lag range  m u l t i p l i e r s  and known g e n e r a l i z a t i o n s  of  
i t ,  in  t he  m u l t i p l i e r  r u l e  ( 2 1 ) ,  to  e q u a l i t i e s  and i n e q u a l i t i e s  ( i n  a p e r f o r m a n c e  c r i t e r i o n )  
t h e r e  c o r r e s p o n d  d i f f e r e n t  s e t s ,  n a m e l y ,  t h e  a n a l o g u e s  of  a d e r i v a t i v e .  In  a d d i t i o n ,  t he  
s t a t e m e n t  of  C o r o l l a r y  2 a s s e r t s  t h a t  a l l  m u l t i p l i e r s  ( c o r r e s p o n d i n g  b o t h  to  i n e q u a l i t i e s  and 
a p e r f o r m a n c e  c r i t e r i o n  and t o  e q u a l i t i e s )  a r e  n o n - n e g a t i v e .  Th is  i s  e x p l a i n e d  by s p e c i f y i n g  
e q u a l i t y  t y p e  c o n s t r a i n t s  and by a f e a t u r e  o f  the  d e f i n i t i o n  of a symmet r i c  g e n e r a l i z e d  d i f -  
f e r e n t i a l  ( 4 ) .  The m u l t i p l i e r  r u l e  can be s t a t e d  in  a more u s e f u l  form by u s i n g  t h e  c o n s t r u c -  
t i o n  of  a g e n e r a l i z e d  d i f f e r e n t i a l  ( 3 ) .  

COROLLARY 3. If x ~ is a local solution to the problem (!2), (15)-(]7), then there are 
numbers Xi, i = 0, 1,...,m + n, not simultaneously zero, such that (!8), (19) and the follow- 
ing condition hold: 

0 ~ ~ ~D%~ (x ~ + ~K (z ~ ! ~).  ( 2 2) 
i = 0  

In c o n t r a s t  to  t h e  d i f f e r e n t i a b l e  c a s e ,  t h e  r e l a t i o n s  (21) and ( 2 2 ) ,  w r i t t e n  in  t e rms  of  
g e n e r a l i z e d  d i f f e r e n t i a l s  of  t h e  i n d i v i d u a l  f u n c t i o n s ,  and ( 2 0 ) ,  w r i t t e n  by u s i n g  t h e  Lagrange  
f u n c t i o n ,  a r e  no t  e q u i v a l e n t .  C o r o l l a r y  2 g i v e s ,  in  g e n e r a l ,  weaker  n e c e s s a r y  c o n d i t i o n s  f o r  
an extremum compared w i t h  C o r o l l a r y  1. In  t u r n ,  C o r o l l a r y  3 i s  o b t a i n e d  as  a r e s u l t  of  a 
c e r t a i n  weaken ing  o f  t h e  a s s e r t i o n  of  C o r o l l a r y  2 ( n e v e r t h e l e s s  i t  g i v e s  s t r o n g e r  n e c e s s a r y  
c o n d i t i o n s  compared w i t h  C l a r k e ' s  t h e o r e m  [ 6 ] ) .  We can a l s o  s t a t e  a r e s u l t  which i s  " i n t e r -  
mediate" between Corollaries 2 and 3, if we use generalized differentials only for the in- 
dices corresponding to equality type constraints, and for the remaining indices we retain, 
in the statement of the multiplier rule, lower generalized semidifferentials. 

For the problems (12)-(15), and (12), (15)-(17) considered above we can state normality 
conditions that guarantee non-zero multipliers %o in the assertions of Theorem 4 and Corol- 
laries I-3 (see [21]). These conditions are formulated in terms of the tangent cones of 
Clarke and Clarke's generalized directional drivatives [22, 23, 27]. The conditions are a 
generalization of the conditions for the linear dependence of gradients in differentiable 
programming and Slater's condition in convex programming. 

Now we give examples of the application of the necessary conditions for an extremum 
established in this section. We consider the following two problems of mathematical pro- 
gramming in R2: 

(p~)[,x~,--,x~,-+min~ { ,X~,+2x~-+min,t  

2x~ +,i  x~ I = o, (p~) { I*~ { + *~ { + 7 z~ = o. 

The f u n c t i o n s  r = {x,! -- Ix21, r 2x, + lx21, r = {x,{ + 2x2, r = i l z,i + x2!, and % ( x ) =  r (x)+ 
x2/2, X =(Xi, X2) ER z, in Problems (PI) and (P2) do not have a derivative at the zero element. 
By using Corollary 2 we clarify whether the point 0 is a solution to either of the Problems 
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(Pl), (P2)- For this we have to find the lower generalized semidifferentials of ~ and ~, 
and the symmetric generalized differentials of 92 and 95. With due regard for property 8) 
in Sec. I, it is easy to establish that D-93(0)={(~2):--I~I} and D9~(0)={(2,~):--~ 
~I}U(--2,--l)U(-2, I). The generalized semidifferentials of % and 9~ are calculated 
from the definition [18, 21]: D-9~(0)={(~ , ~i):--I~I}, D-~(0)~{(~, ~2):[~I~2~I}U 
{(• =):-I~0}, O*~(0)={(~, -i):-~i}U('i, i) U(1, i). For '9~, by property 8) we 

have D95(0)" {(~I,=2):,~II+~=~}U {(q-_~,~+~):--1~0}U {(~,~):--~~}U(--i, 

2 U 1~ - -  . I t  i s  no t  d i f f i c u l t  to  r e p r e s e n t  a l l  t h e s e  s e t s  g r a p h i c a l l y  on the  p l a n e  R 2. 

We a l s o  o b s e r v e  t h a t  0 does n o t  b e l o n g  to  any of  the  s e t s  ~,D-9~,(0)+%~Dg~(0), ~D-9~(0)+~Dg~(0)  
f o r  any X~ ) 0, X2 ) b no t  s i m u l t a n e o u s l y  z e r o .  Hence i t  f o l l o w s  f rom C o r o l l a r y  2 t h a t  t he  
p o i n t  0 i s  n o t  a s o l u t i o n  to  e i t h e r  of  the  Problems (P~) ,  (P2) .  

We remark t h a t  one is  u n a b l e  t o  make t h i s  d e d u c t i o n  f rom e i t h e r  C l a r k e ' s  theorem [6] 
(and i t s  s t r e n g t h e n e d  v e r s i o n  [8] )  o r  W a r g a ' s  t heo rem [ 7 ] .  For  example ,  in  t he  c a s e  of  
Clarke's theorem, by the definition of a generalized gradient [22] we have 8c9,(0)={(~, ~): 

- - 1 ~ 1 , - - t ~ I }  and 0c9~(0)= ( a~ ,~ ) :  - - 1 ~ t , - - ~ ~  [ t h e s e  r e p r e s e n t a t i o n s  can 

a l s o  be o b t a i n e d  by u s i n g  p r o p e r t y  12) in  Sec.  1 ] ,  and each  of  t h e s e  s e t s  c o n t a i n s  the  z e r o  
e l e m e n t .  Thus,  w i t h o u t  c a l c u l a t i n g  the  g e n e r a l i z e d  g r a d i e n t s  of  9, and ~ ,  we can make the  
d e d u c t i o n  t h a t  C l a r k e ' s  n e c e s s a r y  c o n d i t i o n s  h o l d  f o r  the  Problems (P~) ,  (P2)-  

I t  i s  c l e a r  f rom the  above a rgumen t s  t h a t  t he  a p p l i c a t i o n  of  Theorem 4 and i t s  c o r o l l a -  
ries is connected with the calculation (sometimes unwieldy) of the generalized differentials 
of various nonsmooth functions. In certain cases these calculations can be avoided by using 
certain properties in Sec. I. Thus, the function ~ is representable as the sum of the func- 
tions (xl, x2) § Ixll and (xl, x2) § --Ix21, whose generalized differentials are easily cal- 
culated directly, and it follows from property 13) that ~-9~(0) is contained in {(~, • 
--I ~ ~ < I} (actually, as we remarked ahove, these sets coincide), and it follows from Corol- 
lary 2 that 0 is not a solution to the Problem (Pz). Similarly, % is representable as the 
superposition of the functions (Xl, x2) § Ixzl + x2 and x § Ixl, and the required estimates 
of its generalized semidifferentials can be obtained from property 16). 

Remark. If we use the dual criterion of a covering for nonsmooth operators that is 
given in [29], then we can obtain a result close to Theorem 3 without assuming that the 
space X satisfies Condition A. An application of the approximate subdifferentials intro- 
duced in [3U] enables us, in general, to dispense with Condition A. 
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