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Paspupaercs obuias cxema noJjydyeinHs HeoGXOAHWMBIX YCJAOBHH 3KCTpeMy-
Ma B HerJiaJKHx H HeBbINYKJLIX 3a/a4ax ONTHMH3aIllHH, KOTOPas HCNoNb30-
Bajack B (""?) Aas BHBOAA DPHHUHMNTA MAaKCHMyMa B HErTaJKHX 3agauax
ONITHMAJIBIOTO yrnpanjeHHs. BBOAHTCH NOHATHE 3IKCTPEMAaJbHOIl TOYKH CHC-
TCMBI MHOMECTB, OXBATLIBAIONEE Pa3NlMHBE NOHATINA IKCTPEeMyMa B 3ajauax
Craaspioit 1 Bektopnod ontinsmn3awny.  Tloayyena  xapaxtepuctika
9KCTPEMANIBHBIX TOUCK CHCTEMBI 3AMKHYTHIX MHOMKECTB B GaHaXOBOM NPOCT-
patctpe B pHAe 0600ILennoro ypaBHeHHs iliepa, H3 KOTOPOTro BLIBOAATCS
HeoOXOANMBIe YCJAOBHS ONTHMAJLHOCTH B 0o6ulelt 3agave MaTeMaTHYeCcKOro
NPOrpaMMHPOBaNiA C HerVIAAKHMH OFpaHiueHHAMH THIa paBelcTB, Hepa-
BEHCTB H TMPOH3BOJbHBIM He(pYHKUHOHANBHBIM orpadHuyennem. Haa dopmy-
ANPOBKH PCIVALRTATOR HCNOAL3YIOTCA 0000uendbie HopMmaan 1 jHdpgepentn-
annl, npejgcranysiionyie coGoli paciinpeHns COOTBETCTBYIOUUIN KOHCTPY R
Ha (\-3),

1. [Tyer, X — Ganaxono npocrpanctso ¢ vopwmoii |||, X* — ero Tonosno-
THYECKH compsiKennoe ¢ apoictsennoil nopmoit || -|l., B* — enuknunsiit wap
npoctpanctsa A* c nentpom B nyJice. CumBosiom <x*, x> o6o3Havyaercs
3HaYeitne JHHeAnoro pyHknuonana x*e&X* ua sJjemente xeX. Tlycts nadee
{2 -— Henycroe MHOXeCTBO B mpucTpaHerse X, xpesclQ (cumBon cl o3navaer
3ambikanue), e=0.

Ounpencanenne |. Cosokynnocre 3aementos x*e<X*, daa kaxdoeo

113 KOTOpblx HaddeTca takas QUHKYus re: X—R, uro
m sup res (X))ixl] ey (x®, ¥ —x?) < re (v — x0), VXEQ,
X0

HQA3LIRACITICA MHOMCECTNGOM E-HOPMAABHOLY INCMEHIMNE K MHoXcecmay Q & mouke
x* u oboawavaemca N (x"| Q).

Ouesunno, N (x°|Q) — HenycToe BLINYKAOE MHOXECTBO, 3AMKHYTOe B
caaGoii Tonoaorui npocrpaictsa X*. Ilpn e=0 oHO coBNazaeT ¢ BBEAEHHBIM
B (*) nopmannuniv Konycom N(x°Q2) k muoxectny & B Touke x°, a B cayuae
pedhnekensroro npoctpanctBa X gpasercs Noasipoll K paciipocTpaneHHOMY
B TEOPHH ONTHMH3aIHN c1abo KacaTenbHoMy Kouyey (*4). Ecan Q BoInykao,
10 N(x%Q) cosnanaer ¢ nopmMaJjibHLIM KOHYCOM B CMBICJIE BHIIYKJOrO aHa/H-
3a (°) u

Ne(x®|Q =N |Q) - eB* = {x*€ X*: (x*, x—x0) <

< e|lx —x"|, yx€Q}.
B ofmem cayyae nveeT MecTo BKJKOUEHHE
Ne(x01Q) o N (x°| Q) -+ eB*.
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PaccmoTpiM aajee MHOMKECTBO
Me.s (0] Q) == U{N, (x]9) 2 x€ cl Q. fix — x| < ) (1)

W BBEJACM OlpeseNeHHe CONpPsKeHHOro Konycea.
Onpenenenne 2. COnpagxenHoim KOHYCOM K MHONcecTal O 8 TOuKe
x"eclQ Hasoisaerca caedyioulan COBOKYNHOCTL 3AemeHTo8  (0O0DIEeHHbIX

Hopmaaeit):
K(x|= N cIM.5(x°]|0), (2)

e= 0,020

ade aamoikantte Gepercs 8 caaboli* Tonoaozuu NPOCTPAHCTEa X*,

OueBnaHo, MHOXKecTBO K(x°|Q2) sinasercs HenycrToiM csiabo® 3aMKHYTHIM
KOHYCOM, BO3MOXKHO, HEeBBINYKJALIM, MPHYEM MHOro3HayHoe orTobGpamkenne
K(-|Q):c1Q—>2%* 3amknyro (noaysenpepniBio csepxy (°)). OrmeTnm, 4T0
COUPAAEHHBIT KOHYC (2) HC H3MEHHTCH, €CJH NPH €ro ornpeje/eHnl BoCnoi-
JoBaTLCS KaKofl-n1bo Apyrofi sKBHBAJIEHTHON HOPMOf 1pocTpancrna X.

Ecan npoctpanctso X xoHeynomepho, To Kouctpykuus (1), (2) conps-
ACHHOTO KOHYCA J0NYCKaeT yNpOULCHHe

K(x0]Q) =10 ol YN (x19):x€cl Q. |lx — x| < 8}.

Tem camplM nmpHBefeHIloe Bbille onpejgenende 2 npeacrasiser cobod 06006-
LIeHHe COOTBETCTBYIOILETO KoHeunomepuoro onpegcqaenua H3 ('). Ecan &
BLyka0, To K(x%Q) connanaer ¢ HOpMajibHBIM KOHYCOM B CMBICJE BLIMYK-
Joro anaiuia. Moxuo TakiKe NnoKasaTh, 4To A NPOH3BOJLIOrO Ganaxopa
npoerpancTsa X conpsikennslii Kouye K(x°|€2) apuasiercs  1I0AMHIOIKECTBOM
HOPMaNLHOTO KOHYCa B cMmbicae Knapka (°).

Ilo ananorun c¢ ('?) cpsizeM ¢ conpsiXKeHHLIM KOILYCOM HEKOTOpbie nons-
Tt 0606weHHbX Andpeperunanos. [lycts ¢ X — [— 00, 00| — lIPOH3BOIL-
nasi pynkuusa c vaprpadukom E (@) = {(x, WEX < R:q@(x)=Zpn} u rpadu-
KoM G(p)={(x, REXXR:q¢(x)=pn}. B panwueiiem cynTaem, Y10
lp (x%) << o0, a mpocTpancTEo X X R HapedeHo wopmoit (x, )= [|l(x, plll =
= (lxel® -f pﬁ)”?. MuoxectBo

D g (x) ="{x*€ X*: (x*, — 1)EK(x°, ¢ (x9|E ()}

GyaeM Has3biBaTh HHXKHHMM O0oOuieHHbIM nony guddepenuuanom (D™-npou3Boj-
HOIT) (DYHKWUHH ¢ B Touke x°. Bpegem Jajee MHOKeCTBa Dt (x%) = — D™ (—
— @) (x0), DY (x%) = D" (x9) U D* (x0), Dy (%) = D™ (x) U (— D*q(x"), ko®
TOpPhIE HA3LIBAIOTCH COOTBETCTBEHHO BEPXHHM 0000ueHHBIM noayauddepeH-
wianoM (DT-npounssosnoii), ofobuieHlibiM auddepe HUHAKOM H CHMMETPHYECKHM
0000 HHBIM AubdepenunanoM PYHKUHH ¢ B TOYKe xU.
_ Ecom @ ctporo auddepenunpyema s 10 (), 10 D% (x%) = {yq (x?)},
Do (xy) = {yo (x"), —ve(x")}. B cuayyae BeNyKI0i (BOreHYTOil) (YHKUHH ¢
mHOoecTBo D7@ (%) (D' q (x%)) coBnapaer ¢ cybanppepennnanom (cyuepuud-
(bepenianom) ¢ B cMbicae Bolnykjaoro auasusa (°). Ecan dyHKuua ¢ yaos-
JeTpopsieT ycaoBHio Jlununita B oKpecTHOCTH TOuKH XU, TO 000OuleHHEI
andpepenunan D' (x°) conepxurest B oGobuiennom rpanneste Kaapka (%),
-a TakxKe B JioGoM npoussopHoM MHoxecTBe Bapru (°) gysnkunu ¢ B Touke x°,
2. PaccmorpuM 3aMKHYThle MHOXecTBa £, £, ..., &, B npoctpancrse X.
Onpepeaenne 3. Bydem evsopume, umo muoxcecmsa L, Ly, ..., 8,
n
obpasyiom skcmpemasenyro cucmesy, ecau 1) ;5= @; 2) Hailldymesa ma-
i=0
kue nocaedosamensrocmu {aptn < X, i =0, 1, ..., n, cxnduugueca & Hy-
n

amo npu ko0, umo N{Q+an) =, k=1, 2, ... Hpu amom nobyw
i=0
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n

moury X°€ [ Q; Oydesm Haavieams 3KCIMPEMAIbHOU M MKOL CUCTIEMBL MHONCECME
=0

5 4y ooy Qp.

Bpenennoe noHATHe KCTpeMaJbHOCTH o60oO6ILaeT HIBECTHHIE MOHATHA pe-
IIeHHS B 3a/la4aXx Ha 3KCTpeMyM NpH HaJnuuu orpaHnueHui. ITpumepom sk-
CTpeMaJLbHON CHCTEMBI siBsieTcsl Takke mapa £, {x°). rie x° — npon3sosbHast
rpaHHyHasl TOUKA 3aMKHYTOro MioxecrBa £. OTMeTHM, YTO €CJH MHOMKECTBa

Q;,i=0,1, ..., n, OTACAHMBI (T.e. CYLLECTBYIOT Takne (yHKUHOHAIbL

* p

x;€X* i=0,1, ..., n, He paBAble OAHOBPEMEHHO HYJIO, M uNcia A,

i=0.1, ..,n, s QceX: (r, 2 =2), I=0, 1, ..., n.
n

n n

2 %7 = 0, 2 Ay = 0 ) i) i~ @, 1o Muoxecta ¢lQ;,i=0,1,...
i=1 i=0 f==10

.., N, 3aBeJIoMO 00pa3yloT 3KCTPEMasibHYIO CHCTeMYV.

B nanbueiimem Gynem npepnonarath, uto B npocrtpanctse X cyuecrtsy-
eT 3KBHBaJeHTHas Hopma, naudxpepenuupyemasi no Ppewe na X\{0}. 3ro
yCJOBHE 3aBeJlOMO BHINoJHseTcs, ecan X — pedaekcusioe npoctpaHcTeo (7).

Teopema 1. [Tycms x°— sKcmpemaabHas modka CUcmeMbl 3aMKHYMbLX

smromecms Qy, i =0, 1, ..., n. Tozda das mobox e >0, 6= 0 cyujecmeyom
makue moukt x; € My (x|, =0, 1,..., 0, umo E 1|:r.fi|* =1 u
=10
xo+x1 + ... + x5 €eB*. (3)

[To ananornd c ('°) coortnowenue (3) Gyaem HasbBaTh 000GILIEHHBIM
ypaBuenuem Jiinepa. Ormerum, uto B GopMyaHpoBKe TeopeMul | He nenaer-
cA HHKAaKHX NPeAnoaoKeHHil 0 TeJeCHOCTH MHoKecTB &5, i=0,1, ..., n. B Ko-
HCYHOMCPHOM cayyae nuMeer mecto Godee cwiblioe YTBepXKIeHHeE.

Chnepcteue. Hycms 6 Ycavsusax meopemst 1 npocmparcmao X Kowed-
Hosepro. Toeda naiddymea maxue we pasHole OOHOBPEMEHHO HYAO  GeKMOpbt
X EK(OR), i=0, 1, .ovs 0, emoxs +21 + ... +x5=0.

HokaszaTeabCTBO TeopeMbl | OCHOBaHO Ha TNOCTPOEHHH MOCAEA0BATE b~
HOCTH «CT/AaXCHHBIX» 3a/ad ONTHMH3AlUHH, pelueHHs KOTOPLIX anmpoKCHMK-
PYIOT PacCMaTpHBaeMYI0 KCTPeMasbHYIO TOYKY. JTO OCYUIECTBJAsSETCA ¢ MO-
MOILbIO NpHMeHeHHs TeopeMbl Ikjanaa (Y1) k  QyHruHa Oy (x, y) =

n
=[Eﬁx—aih-—y,uﬂ]”2 Ha npocrtpanctee X X<, rae Y= (Yg ---, Yp) €

l=[|‘
EQ=0Q¢X ... XQ; {@gx}p=1, i=0, ..., n,—nocrenopareJbHOCTH |3
OnpeAeNeHHA 3KCTpEMaJLHON TOYKH, Hopma |I-|| aubdepenunpyema no Ppe-

we Ha X\{0}. Bapuanuonunlii aHaJn3 annpOKCHMHPYIOIHX 3ajau CBA3aH C
HCIOJIb30BAHHEM KJACCHYECKHX YCJOBHH 3KCTpEMyMa.

3. PaccMoTpnM crneayiomylo 3anady MaTeMaTHYeCKOro mnporpaMmupoBa-
Hust: (A) MHHHEMH3upOBaTh @, (x¥) npH orpanuueHusx ¢;(x)<C0, i=1, ...
cees i, @i(x)=0, i=m+41, ..., n; x€Q. 3necb m, n— HeOTpHLUATE b~
Hble 4Heaa, m<_n; (2 —3aMKHYTOe MHOXecTBO; (YHKUHH ¢ X — [—oo,
co] noayHenpepbiBHB CHH3Y AJaf i =0, ..., /m W HenpepeiBHbl AJA i =
= M1, ainy R

Henocpegerpenno u3 Teopemil | BLIBOZHTCS CACAYIONIHIT peayabTat, nato-
wui obuiHe HEOOGXONMHMBIe YCJNOBHS 3KcTpeMyMa B GecKOHeyHOMepHOil 3aja-
ye HeAudepeHUHpYEMOro nporpaMMHpOBaliHA.

Teopema 2. Ecau x° — pewenue 3adawu (A), mo das moborx €>0,

6§>0 Haﬁdymca* makue mouku 1Y€ Mgg(x?) Q); (x:: Ap) € f”le.a (x0,
Qo () E (90)); (xi5 2)EMepa(x®, O]E(py)), i=1, ..., m; (xi, A)E
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e € Mea(x0 OIG (@), i=m+1, ..., n, wmo ||x*||,- E{“xfu* + |4]) = 1,

f=uil
2= /] "
| 5
¢ x*+ Y x; ceB*.
151 {e=0

ke [Tpy AONOAHHTEALHOM NPEANOJORCHIN O JANIUNGICBOCTH (pynkunfi o,

. =0, ..., n, 13 TeopeMbl 2 caeayeT NpaBiIO0 MHOKHTEACH, NpeAcTaB/siouce
co6oil odobulene KAacCHYECKHX pe3VabLTATOB, 4 TAKKe YCHICHHE TeopeM
Kuapka (°), Bapru (%) u np.
Teopewma 3. fycmp 6 ycaosunx meopemor 2 ynrguu ¢y, i=0, ...
., N, AGAMOMCA aunwuyesvinu 6 oxpecmuocmu meuku X0 Toeda  cywgecm-

eyiom makue neompuyameastoe yucia h;, i =0, ..., n, He pasnbie 00HO-
apemenno HYyato,  meuka x* € K(x*|Q), umo Aig;(x%) =0, i =1, ..., m,
: m n -
' —xX*eN LD @ (x)+ Y A De; (x0) . 4
IEI-E.‘ q‘l[):_HHi(P:() (4)
1= f=m-

3a cyer HekoToporo ocsaabJjeHHa pe3yabTaTa H3 TeopeMbl 3 MOXKHO M0
JAYYUTHL [1IPAaBHJIO MHOXHTeJelH B 0ojee NPHBLIMHOM BHJE, CCJH 3aMEHHTL Yc-
JoBHe (4) cuaellyloluidM COOTHOLIEHHEM B TepMmHHaX obobuennblx auddepeu-
niadJdoB:

n
—x*€ ¥ MDD (x) ,

4 HEOTPHUATEeNIbHOCTL MHOMKHTENEeH A; TpeboBaTbh Jauuwb aad =0, .., m.
C nomouslo reopeMbl | HETPYAHO Takxe NoayuHTtn oGoduienie Teopem 2
3 Ha 3a7ia4yd BEKTOPHON ONTHMH34LIHH.

Summary

A concept of an exiremal point for a sysiem of closed sets in a Banach space is sug-
gested. The characterization of such points in the form of the generalized Euler equation
1s eslablished. New necessary oplimality conditions in the nonsmooth nonconvex problem
of mathematical programming are derived from that result.
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