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BBe,n;euHe. B rrocJie,n;mre ro,n;or Boapoc HHTepec R Hayqemuo aa,n;aq oiiTH­

MaJII>Horo yrrpaBJI8HHH, B ROTOpblX MHHHMH3HpyeMblH tPYHRD;HOHaJI OIIHChlBa-

8TCH HerJia)l;RHMH tPYHRD;lfHMH rrep8M8HHbiX COCTOHHHH ( 1- 8 ] . Ilo,n;o6Hbl8 aa­

,n;a'IH '!aCTO BCTpe'IaiOTCH IIpH MO)l;8JIHpOBaHHH <lROHOMH'l8CRHX, 6HOJI0l'H'l8-

CRHX IIpOIJ;8CCOB, ROHtPJIHRTHbiX CHTyan;HiJ: H T. )l;. Ilpn p8III8HHH TaRHX aa,n;aq 

B03HHRaiOT IIpHHD;HIIHaJibHbl8 MaTeMaTH'l8CHH8 Tpy,n;HOCTH, CBH3aHHbi8, B 'laCT­

HOCTH, C T8M, 'ITO ,ll;O IIOCJI8)l;Hero Bp8M8HH He 6oiJIO H3B8CTHO aHaJIOl'OB IIO­

HHTHH IIpOH3BO,Il;HOH ,ll;JIH 06ID;HX HJiaCCOB H8rJia)l;I<HX tPYHHD;HH. 

B ,n;auHo:ti: pa6oTe paccMaTpnBaeTcH aa,n;aqa orrTnMaJII>Horo yrrpaBJISHHH 

Tnrra Ma:ti:epa c rrpoMemyTO'lHDIMH lf>aaoBI>IMH orpaHH'lSHHHMH, B HOTopo:ti: or­

paHH'lSHHH Ha IIep8M8HHble COCTOHHHH aa,n;aiOTCH IIpH IIOMOIIJ;H IIpOH3BOJibHblX 

3aMHHYTblX MHOi:K8CTB, a MHHHMH3HpyeMaH tPYHHIJ;HH OT Hpa8BbiX H IIpOM8-

i:KyTO'lHbiX COCTOHHHH IIOJiyHerrpepblBHa CHH3y. BBO)l;HTCH IIOHHTH8 COIIpH­

.i:K8HHOro HOHyca )l;JIH 3aMHHYTblX MH0i:K8CTB HOH8'lHOM8pHoro IIpOCTpaHCTBa 

H CBH3aHH08 C HHM IIOHHTHe o6o6rn;eHHOH IIpOII3BO)l;HOH (D-npOII3BO,Il;HOH) )l;JIH 

noJiyHenpepoiBHbiX CHHay tPYHHD;IIH. MeTo,n;oM annpoHCIIMan;II:ti: [ 9 ] noJiy'leHoi 

H806XO)l;HMbl8 YCJIOBIIH OnTIIMaJibHOCTII THna npiiHIJ;Hna MaHCHMyMa IlOHTpH­

l'IIHa [ 
10

] B HJiacce o6o6rn;euuorx pernemrfr [ 11
] paccMaTpiiBaeMoii aa,n;a'III. 

IloJiyqeuuore ycJioBIIH co,n;epmaT B ce6e, B 'lacTuocTn, yciiJISHIIH II3BeCTHMX 

peayJII>TaTOB )l;JIH rJia)l;I<IIX, BbiiiYRJibiX II MIIHIIMaHCHblX aa,n;a'l OnTIIMaJibHOl'O 
ynpaBJI8HIIH. 

1. IlocTauoBI<a aa,n;a'IH. PaccMoTpiiM aa,n;aqy MIIHIIMIIaan;IIII lf>ym<n;IIoHaJia 

l=rp(x(to), x(tJ, ... , x(tm)) -+in£ ( 1.1) 

Ha MHOi:K8CTB8 a6COJIIOTHO HenpepDIBHbiX Tpa8I<TOpiiH X (t) II II3M8piiMblX yn­

paBJI8HIIH U (t), Y,ll;OBJI8TBOpHIOIIJ;IIX CJI8)l;YIOIIJ;D.M ,ll;II!fJlf>epeHIJ;HaJibHbiM CBH3HM 
II orpaHH'l8HIIHM: 

x=f(x, u, t), u(t)EU, to~t~tm, ( 1.2) 

( 1.3) 

l')l;8 XERn- n-BSI<TOp COCTOHHIIH, 06JiaCTD yrrpaBJI8HIIH U- M8TpH'l8CI<HH 

I<OMnai<T, tPYHI<D;HH f(x, U, t) HenpepbiBHa no COBOI<ynHOCTII nep8M8HHbiX 

BM8CT8 C 'laCTHbiMH IIpOH3BO)l;HbiMII no X, MOM8HTbl Bp8M8HH t; (i=0, 1, ... 
. . . , m) tPIII<CIIpOBaHbl II Y,ll;OBJI8TBOpHIOT HepaBeHCTBaM t

0
<t

1
< ... <tm. 

<l>aaOBbl8 orpaHH'l8HHH B ( 1.3) aa,n;aiOTCH npH IIOMOIIJ;II npOII3BOJlbHOl'O· 

3aMI<HYTOl'O MHOi:K8CTBa Gc:-R (m+t)n, MHHIIMII3HpytlMaH tPYHI<IJ;HH <p B ( 1.1) no­

JiyHenpepbiBHa CHHay. By,n;eM B ,n;aJII>He:ti:rneM npe,n;noJiaraTD, 'ITO o,n;ua II3 

npoei<n;H:ti: MHomecTBa G B Rn orpaHII'leHa II MHomecTBo ,n;onycTIIMbiX Tpaei<­

Toprrii: CHCT8Mbl ( 1.2) paBHOM8pHO orpaHH'l8HO Ha (t0 , tm] IIpH JII060M OrpaHII-
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"16HHOM MHOiK6CTB6 Ha"'aJibHbiX COCTO.IIHIIH (p;OCTaTO"'Hbie yCJIOBII.II p;JI.H aTOrO 
npiiBep;eHhl, nanpiiMep. B l 12-u]) 1

• 

06o6m;eHHbBf perneHIIeM 3ap;a"'II ( 1.1)- ( 1.3) Ha30B6M OnTFIMaJIJoHbiH npo­
D;6CC {x0 (t) ai0 (t), Ui0 (t), i=1, 2, ... , n+l}, to~t~tm, B pacrniipennoii: no 
raMRp6JIIIp;3e ( 11

) aap;a"'e MHHIIMFI3aD;IIFI <f>yHHD;FIOHaJia ( 1.1) npii orpaHII"'e­
HII.IIX ( 1.3) II «OBbiiiYRJieHHbiX» ,!l,H<f><f>epeHD;HaJJbHbiX CB.II3.1IX 

n+t n+t 

:i = ,E ad(x, U;, t), ,E a; (t) = 1, a ; (t) ~ 0, (1.4) 

i=1 

Ui(t) EU, i=1, 2, ... ' n+i, to~t~tm . 

Cym;ecTBoBaHIIe o6o6m;eHHhiX perneniiii: BhiTer{aeT II3 peayJioTaToB [ 12
]. 

EcJIII aap;a"'a ( 1.1)- ( 1.3) RoppeRTHa no pacrniipeHFIIO [ 15
], TO MHHIIMaJII>HI>Ie 

3Ha"'6HII.II <f>yHHD;IIOHaJia ( 1.1) B IICXOp;HOH II pacrniipeHHOH aap;a"'aX COBna­
p;aiOT FIno o6o6m;ennoMy perneHIIIO {x0 (t), a/(t), u/(t), i=1, 2, ... , n+1} 
MOiKHO noCTpOIITI> ( 11

) MIIHFIMFI3Hpyrom;yro nOCJie,n:oBaTeJII>HOCTI> p;onyCTFIMI>IX 
nap {x. (t), U, (t)} FICXOp;HOH aa,n:a"'II (CHOJib3.1IID;IIll OnTH~IaJII>HhlH peiKIIM). 
IToJiyqFIM Heo6xo,n:FIMI>Ie ycJioBFIH onTFIMaJII>HOCTII B RJiacce o6o6m;eHHhlX pe­
rneHIIii: aap;a"'II ( 1.1)- ( 1.3). 

2. MeTO;Il; annpoKCIIMaD;Hii:. BI>mo,n: neo6xop;IIMI>IX yc.1:0BIIH onTIIMaJIJ:.HOCTH 
B aap;a"'e ( 1.1)- ( 1.3) OCHOBaH Ha M6TO,n:e annpORCIIMaD;IIll ( 9 ) , ROTOpbiH 
MOiKHO paCCMaTpiiBaTb H RaK "'FICJieHHblH MeTO,J; perneHII.II HerJia,n:RIIX aa,n:a"' 
c orpaHFI"'eHHHMH. CyTI> ,n:annoro MeTo,n:a cocTonT B c:rep;yrom;e111. PaccMaTpH­
BaeMa.H aap;a"'a MIIHIIMII3aD;IIH HerJia,n:KOrO <f>yHI\D;IIOHaJia C orpaHII"'6HII.IIMH 
TIIna ( 1.3) 3aMeH.H6TCH nOCJie,n:oBaTeJIJ>HOCTI>IO annpOKCIIMFipyiOID;IIX aa,n:a"' 
6ea orpaHII"'6HFIH Ha nepeM6HHbl6 COCTO.IIHII.II (co CB06o,n:HI>IMII I\OHD;aMII), 
B KOTOpbiX MFIHHMFI3HpyeMI>IH <f>yHHD;IIOHa:r ImeeT BII,J; <f>yHHD;HII paCCTOliHFili. 
Bapiian;noHHhlii: aHaJIH3 annpoKCIIMIIpyiOm;nx aa,J;a'I ocym;ecTBJI.HeTC.II npii no­
Mom;n aJire6paFI'!ecKFIX KOHCTPYKD;Hii: MeTo,J;a npnpam;eHFiii: <f>ynKn;nonaJia [ • ], 
KOTOpblii: ne CB.Haan c TeopeMa:~om oTp;e;riDfOCTn BLIIIyKJII>Dc MHomecTB. Heo6-
xop;IIMJ:.Ie yCJIOBII.II OnTIIMaJII>HOCTII B Her.:Ia,J;KIIX aa,n:a'IaX C orpaHFI'I6HFI.IIMII 
noJiy'IaiOTCH no p;aaHoii: cxe111e B peay.:II>TaTe npep;eJII>Horo nepexo,n:a OT an­
npOKCFIMIIpyiOm;HX aa,n:a'I. 

IT yen c0 
- MIIHIIMaJII>Hoe aHa qenne <f>yHKD;IIOHaJia ( 1.1) B pacrniipenHoii: 

aa,n:a-qe ( 1.1), ( 1.3), ( 1.4). PaccMoTpnM 'IIICJIOBYIO nocJie,n:oBaTeJII>HOCTL {ck}, 
yp;oBJieTBOpHIOID;YIO ycJIOBII.IIM ck<c0

, ck-+c0 npii k-+oo. TaKyiO nocJie,n:oBa· 
TeJIJ:.HOCTI> MOiKHO, HanpiiMep, nOCTpOIITI> il:RCKpeTHhlMII (KOH6'IHO-pa3HOCT­
Hb!MII) annpOKCFIMaD;II.IIMFI KOppeHTHbiX no pacrnFipeHIIIO aa,n:a"' ( 1.1)- ( 1.3) 
(,n:JIH no,n:o6Hnrx aa,n:a'I B [ 16

] ,n:oKaaana cxo,n:nMoCTL ,n:IIcKpeTHLix annpoi{CFI­
Man;IIii: no <f>YHKD;IIOHaJiy II noJiy'IeHa OD;eHRa CKOpOCTH CXOil:IIMOCTFI). 

PaccMoTpiiM aaMKHyToe MHomecTBO EcR<m+tln+1 
- na,n:rpa<f>FIK <f>yHKD;HII 

<p(z), zEp<m+1>n: E=epi<p={(z, J.t):zEG, J.t~<p(z)}. ,U:JIH HarK,n:oro HaTypaJib­
noro k BBep;eM annpoKCHMHpyiOID;HH <f>yHKD;HOHaJI 

lk=<l>~t (x (to), X (t1), ... , X (tm)) = 
=p(x(to), x(t1), ... , x(tm), ck; E)-+inf, (2.1) 

n:~;e p(x(t0 ),x(t1 ), ••• ,x(tm),c;E)= 

min 
(Z,Il)EE 

m ~ [ ,E (x (t;) -zi)' (x (t;) -zi) + (c-J.t)Z] 

i=O 

ziERn (j=O, 1, ... , m), z= (z 0
, zt, ... , zm), IIITpHX 03Ha'!aeT TpaHCnOHHpO­

BaHHe. PaccMoTpiiM nocJie,n:oBaTeJILHOCTI> aiMipOI{CHMIIpyiOm;IIx aap;a"' MIIHII-

1 CJiep;yeT OTMeTHTL, 'ITO IIOJiy'leHHLie B pa6oTe peayJILTaTLI CIIpaB9/];JI]i{B:bl npn 3Ha'lH­
TeJILHO 6oJiee 06!IIHX yCJIOBHJIX Ha napaMeTpLI CHCTeMLI (1.2) (Tniia yCJIOB'n:ft 113 ( 9

]}. 
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MH3aD;HH <J>ymOJ;HoHaJJa (2.1) (k=1, 2, ... ) Ha MHOiKCCTBC ua6opOB {x(t), 
a;(t), u;(t), i=1, 2, ... , n+1}, yp;oBJJCTBOpmom;nx CBH3HM (1.4). AnnpoKCH­
MHpyrom;ne 3ap;R'IH ( 1.4), (2.1) HBJJHIOTCH 3ap;aqaMH OIITHMaJJhHOrO ynpaBJJC­
HHH CO CB060p;HhiMH KOHIJ;aMH, B KOTOphiX MHHHMH3HpyCTCH CIICD;HaJJhHhiH 
4JyuKn;nouaJJ oT KpaeBhiX n npoMemyTO"'IHhiX cocToanuii. B sap;aqax ( 1.4), 
(2.1) Bcerp;a cym;ecTByiOT onrnMaJJhHhle rrpon;ecch! [~~o]. 

06osHa"'IHM qepea mh l'.fiiHHMaJJhHhiC 3Ha"'ICHHH <J>yHKD;HOHaJJOB B aap;aqax 
( 1.4), (2.1), KOTOphiC aaBCJ);OMO IIO:IOinHTe;IbHhl B CIIJJy Bhl60pa IIOCJJCJ);OBa­
TCJJhHOCTH {c~<} (k=1, 2, ... ) . CJJep;yrom;aa TeopeMa yTo"'InaeT xapaKTep arr­
rrpoKCHMan;nn sap;aqaMn ( 1.4), (2.1) IICXO,J;noii sap;aqn ( 1.1)- ( 1.3). 

T e 0 p eM a 1. Jlro6aa IIOCJJe,J;OBaTe;IbHOCTh OIITHMaJJhHhiX B sap;aqax 
(1.4), (2.1) TpaeKTOpHii: {X~t0 (t)} (to~t~tm, k=1, 2, ... ) OTHOCHTCJJhHO 
IWMIIaKTHa B npocTpancTBe C[to, tm] II y.J;OB;IeTBOpaer uepaBCHCTBY 

p(Xi<0(to), Xi<0(t1), ... , X"
0 (tm), cA; E =m _~c0-ch (k=1, 2, ... ). (2.2) 

llpn aTOM BCC npep;eJJhHhie B C (t0, tm] TO"'Ilill IIOCJJep;oBaTCJJhHOCTH {XA0 (t)} 
(k=1, 2, ... ) HBJJHIOTCH o6o6ID;CHHhiMII OIITmia;IbHhB1Il TpaCKTOpHHMH sap;a­

"'IH (1.1)-(1.3). 
,l(oKa3aT8JlhCTBO HepaBCHCTBa (2.2) Henocpe;J;CTBeHHO BhiTermeT H3 IIO­

CTpOCHHH annpor\CIIMnpyrom;nx aap;aq n cBoiicTB <i>YHKD;IIII paccToauna. Oc­
raJihHhre yrBepmp,enna reopeMh! noJiyqaroTca npii IIOliiOID;H uepaBeHCTBa 
(2.2) ll 06bl"'IHhiX I<OHCTpyKD;HH TCOpllH cym;ecTBOBaHHH OIITHl\IaJlhHhiX ynpaB­

JICHHH [ H]. 
Ma TeopeMhi 1 cJiep,yer, "'ITO npon;ecc nocrpoemm n pemeuna annpoKCH­

Mnpyrom;Hx aap;aq ( 1.4), (2.1) MOiKHO pacc:t.rarpiiBaTh KaK Koncrpyr{THBHhrii 
aJiropHTM npH6Jinmeunoro pememm pacrnnpeuuon (a B cJiyqae rwppeKTHOCTH 
no pacmnpeHHIO- rr ncxop;uoii) aap;aqn MIIHIIMIIaan;nn nerJJap;Koro <J>ynKn;noua­
Jia ( 1.1) npn npoH3BOJihiihiX orpaHH'ICHHax Trrna ( 1.3). HepaBeHCTBO (2.2) 
xapaKrepnayer npn aroM crenenh annpoKCnMan;nn orpaunqeunii n <J>ynK­
n;uonaJia B aaBIICliMOCTli OT CKOpOCTII CXOJ);llMOCTH. 

3. Heo6xop;HMbiC ycJIOBHH onTnMaJibHOCTH B annpoKCHMnpyrom;nx aa,ll;a­
qax. BBe,n;eM <J>ym\n;nro faMHJihTOHa H (x, 'ljl, u, t) ='ljl' f (x, u, t) ,ll;JIH cncreMhi 
( 1.2) ll paCCMOTpHM COOTBCTCTByrom;ee (2.1) ypaBH8HHC J);JIH C.OIIpHiKCHHhiX 
nepeMeHHhiX 

n+l 

'ljl=- ,Ea;8H(x,'ljl,u;,t)!ax (3.1) 
i=l 

Teo p eM a 2. IlycTh {x~<0 (t), a;"0 (t), U;k
0 (t), i=1, 2, ... , n+1} (to~t~ 

~t,. ) - onTHMaJihHhiii rrpon;ecc B aa,n;aqe (1.4), (2.1), a BCKTOP Y~<= (z~<0 , 
Zk \ ••• ' ZA m' f,tk) EE =epi ·cp yp;oBJICTBOpHeT YCJIOBHHM 

p (Xn° (to), X1<0 (tl), . · · , XA
0 Ctm), C11; yk) = 

=p(xn°(to), Xk
0 (tt), ... , Xk0 (tm), ck; E)=mk. (3.2) 

Tor,n;a uaii,n;erca cooTBCTCTByrom;aa npon;eccy {x11° (t), ail .. o (t), U;k
0 (t), 

i=1, 2, ... , n+1} KyCO"'IHO-HCllpCphiBHaa TpaCKTOpHH 'ljl11°(t) CHCTCMLI (3.1) 
c rpaHn"'IHhiMH ycJIOBHHMH 

'¢~<0 Cto) = (x,.0 (to) -Zk
0

) /mk, '¢1< 0 Ctm) =- (Xk0 (tm) -zAm) /mk (3.3) 

Il YCJIOBHHMH CKa"'IKOB B TO"'IKaX pa3phiBa t; (j=1, 2, .. ,, m-1) 

'¢~< 0 (t;+O) -"¢~<0 (t;-0) = (x~;0 (t;) -z,,i) /m" (3.4) 

TaKaa, "'ITO JJ;JIH IIO"'ITII BCCX tETik={te[to, tm]:aik0 (t)*0} BhiiiOJIHHCTCll YCJIO-
BIIe MaKCHMyMa 

H (x"0 (t), '¢~<0 (t), U;k
0 (t), t) = 

=max H (x"0 (t), '¢11° (t), u, t) (i = 1, 2, ... , n + 1). (3.5) 
ueU 
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,I.I;n:n ~oKaaaTeJI:&CTBa aroii TeopeM:&I aaMeTHM, 'ITO npon;ecc {xa0 (t), 
O.;k

0 (t), Uii<0 (t) i=i, 2 .... n+i} 6y~er OIITHMaJibHbiM H B aa~aqe MHHHMH38-

D;HH rn:a~KOrO cpyHiill,IIOHa;Ia 

Jk = F (x (to), X (tt), ... , X (tm)) = 

n+t 

= [ ,E (x (t;)- z1/)' (x (t;)- z,!) + 
i=O .,, 
+ (ck-!lk) 2] -+ inf (3.6) 

OT npoliWiRYTO'IH:&Ix cocTOHHHii: cncTeM:&I ( 1.4). Heo6xo~HM:&Ie ycJionna OIITH­

MaJI:&Hocrn B raKHX a a~ a 'laX IIOJiy'laiOTCH IIO MeTO~y IIpHpaiD;eHHH ["), OCHO­

B8HHOllfY Ha COOTBeTCTBYIOID;HX cpopMyJiaX IIpHpaiD;eHHH cpyHKD;HOHaJia II 

<<HrOJib'l8TbiX>> B8pH8D;HHX ynpaBJieHHH. l10Jib3YHCb CXeMOH [ ~], HeTpy~HO 
B:&IBeCTH cpopMyn:y IIpHpaiD;eHHH cpyHKD;HOIIaJia B aa~a'le ( 1.4), (3.6), B KO­

TOpOH COIIpHiReHHbiC nepeMeHHhie '\jJ (t) IIOA"'IHHHIOTCH ~OIIOJIHHTeJibHbiMll 
ycJIOBHHM CH8'IKOB '\jJ(t;+O) -'\jJ(t;-0) =fJF/fJxi B npmremyTO'lHbiX TO'II<ax MH­

HHMH38D;HH COCTOHHHH CHCTeMbl. PeaJIH38D;HH ~aHHOll CX8~ibl B 38~8'18 ( 1.4) , 
(3.6) IIpHBO~HT H YTBepiR~8HHJIM TeopeMbi 2. 

4. 06o6ID;eHHhie aopMaJIH H nponano~Hhie. BBe~eM IIOHHTHe conpameHHO­

ro HOHyca I{ HenyCTOMy 38MKHYTOMY MHOiR8CTBY KOHe'lHO:\l8pHoro npocrpaH­

CTBa, HOTOpoe o6o6ID;88T 06bi'lHbJe ITOHHTIIH HOp:>.la;III II HOpMaJibHOrO IWJIYC8 

B CJiyqae rn:ap;I\IIX II BbiiTYKJibiX MHOroo6pa3IIH. 

0 n pep; e JI err II e 1 [ 9
]. ConpameHHbiM :noHycoM KE(e) I< HenycroMy 

38MHHYTOMY MHomecrny E I\OHe'lHOMepHoro npocrpaHCTBa B TO'II e eEE na­

a:&maercn 38MHHYTbiH HOHYC BHp;a 

KE(e) = n u P(s)' 
0 > 0 •- r ,..;;6 

P(s)={p: p=-y(s-y). yEJf(s), -y>O}, 

ft.f(s)={yEE: p(s y)=p(s, E)}. 

(4.1) 

,I.I;pyroe o6o6ID;8HHOe ITOHHTHe HOpMaJIII (HOpM8JlbHOrO HOHyca) ,li;JIH KO­

H8'lHOM8pHbiX aaMHJIYThlx Mnomecrn 6hiJIO nne,o;eno <!>. :KJiapi<oM [ 17
]. Momno 

noi<aaar:&, 'ITO nopMaJI:&H:&Iii Honyc B CMbiCJie Rn:api<a aBn:aerca B:&InyKJibiM 

3aMbiH8HH8M COllpHiR8HHOrO KOJIYC8 ( 4.1). lloaTOMy HCIIOJib30B8HHe KOHCT­

PYHD;HH corrpnmennoro HOHyca B reopmr a:ncrpeMaJI:&HbiX aap;aq npHBO~HT, 

B006ID;e rOBOpH, l{ 6on:ee CHJibHbiM He06XO,li;HMblM YCJIOBHHM OIITHM8JibHOCTH, 

'!eM COOTB8TCTBYIOID;He T80p8Mhl, CBH38HHhle C HOpM8JibHhlM HOJIYCOM B CMhlC­

n:e Rn:api<a. 
Conpnmenn:&rii Honyc ( 4.1) MomeT 6:&ITb HeB:&IITYHJihlM yme B caM:&IX npo­

CTbiX cnryan;Hax. HanpnMep, ,o;n:a E={(x, !J.)ER2
: ll~-lxl} B roq:ne e=(O, 0) 

HM88M KE(e)={(x, !J.)ER2
: !J.=-Ixl}, B TO BpeMH HaH HOpMaJibHbiH IWHYC 

B cM:&IcJie Rn:api<a nMeeT Blip; N E (e) = { ( x, !l) ER2: w~ -I xI} n conna,o;aer 

C HOpMaJibHbiM HOHYCOM I< BhliiYKJIOMy MHOil\eCTBY E 1={(x, !J.)ER2
: ll~lxl}. 

lloJioayacb onpe,o;en:enHeM conpamennoro Honyca, nnep;eM rroHHTHe o6o6-

ID;eHnoii rrpOH3BO,li;HOH (D-npOH3BO,li;HOH) IIOJiynerrpepbiBHOH CHII3Y cpyHRD;HH 

<p (x), xEGcR'. ,Umi y,o;o6crna 6yp;eM C'IHTaTb cpyHI{D;HIO <p npop;oJimennoii na 

nee npocrpaHCTBO Rr, non:omnn <p(x) =oo, x¢.G. 
Onpe,o;en:enn e 2 [9

]. D-llponanop;noii D<p(x) non:ynenpephlBHOH CHIJ3Y 

<pyHHD;HH <p: R'-+(-oo, oo] B TO'IKe x, <p(x)<oo, H83biBaeTCH MHOiR8CTBO BII,o;a 

(4.2) 

r,o;e E={(x, !J.)ER'+1
: IJ.~<p(x)} -na,o;rpacpHR cpyHHD;HH <p, KE(x, <p(x))­

·COnpameHH:&Iii: K E Ronyc B TO 'IKe (x, <p (x)). 
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TaiUIM o6paaoM, D-rrponaBO)J,HaH rroJiyHerrpepbiBHOH CHnay <f>ymnwn cp: Rr-+ 
-+ (-<X>, <X>) HBJIH8TCH MHOr03HR<JHbiM OTOOpamemreM IIpOCTpaHCTBa Rr BO MHO­

jK8CTB8 ero 3aMRHYTbiX IIO)J,MHOJK8CTB. ,[(JIH rJia)J,RIIX <f>yHRIJ;IIH cp (x) MHOJK8CT­

BO ( 4.2) COCTOliT li3 O)J,HOH TO'II\II II IIOHHTlie fl-rrpOII3BO)J,HOH COBIIa)J,aeT C OObl'I­

HblM IIOHHTneM rrpor-rsBO)J,IIOii B KJraccu'IeCROM aHaJinae. EcJin cp (x) BbiiiYRJia 

Ha Rr, TO D-rrpon3BO)J,HaH (4.2 ) COBIIa)J,aeT c cy6)J,n<P<f>epeHD;HaJIOM ocp(x) B 

CMbiCJie BbiiiYRJioro aHaJinaa [ 18
]. 06o6r:o;eHHhlH rpa)J,neHT no RJiapRy [ 

17
] rro­

Jiy'IaeTCH ROHCTpyKu;nen ( 4.2) rrpu aaMeHe corrpHmeHHoro KoHyca KE ( x, cp ( x) ) 

ero nhiiiYKJibiM aaMhiRaHneM. 

D-IIpouaBO)J,Hhie rroJiyHerrpepniBHbiX CHrray <f>yHRD;liH o6Jia)J,aiOT pH)J,OM uo­

JI83HbiX CBOHCTB, Bo MHoroM aHaJiorn'IHbiX CBOHCTBaM OObi'IHbiX rrponaBO)J,HbiX 

II CYOAH<f><f>epeHD;HaJIOB BbiiiYI<.'lbiX <f>ymaruft [ 
13

• 
18

]. 8TO II03BOJIHeT a<f><f>eR­

TIIBHO rrpHMeHHTh rrpe)J,JIOJKeHHnre KOHCTPYilliiiii rrpH aHamrse rrerJia)J,Rnx Ba­

pHau;norrrrbrx aa)J,a'I. 

5. OcHOBHOH peayJihTaT. C<f>op~ry::mpyey ocHoBrron pesyJibTaT cTaThii -

IIpHHIJ;I III MaHCHMyMa B 3a)J,a'Ie MliHliMU3aD;IIll IIO.TyHerrpepbiBHOrO CHII3Y <f>yHR­

D;IIOHaJia c rrerJia)J,I\HMM orpaHH1IeHIIHMIL By;:(e~r pacc~mTpHBaTh Rycol:Jrro-rre­

rrpephiBHhre Ha [ t 0 , tm) pemeHIUI CIICT8Mhl (3.1) C yc.'IOBIIJIMH Ha ROHD;aX to, 
t m n B TO'II<ax paapniBa t i (j =1, 2, . .. , m-1): 

'ljl(to) =le0
, ••• , tp(tj+O)-'ljl(ti-0) =}.-, ... , \j)(tm) =-/..m. (5.1) 

Teo p eM a 3. II pH BhiiiOJIHeHHli rrepe'IucJierrrrhlX Bhlllie Tpe6oBaHHH B aa­

,n;a'Ie ( 1.1)- ( 1.3) cyr:o;ecTByeT o6o6r:o;eHHhiH orrTn.lla:rhHhill rrpou;ecc {x 0 
( t), 

a i0 (t),u/(t),i=1,2, ... ,n+1} (t0~t~tm) li Tarwn BeRTop J..=(/..0
, /..', ••• 

• • • '/..,"', /..,*) ERn(m+ll+\ 'ITO 

(le0, f..\ ... , le "' le*)EKE[x0 (to), x0(t1), ... 

• . • , X
0 

( t, ), cp ( X 0 (to), X
0 (tt), . .. , X 0 (tm) ) ], (5.2) 

m 

_E IIMI 2 +(f..*) 2=1, t..,·~o, _(5.3) 
;-o 

H )J,.llH ITO'ITJI HCCX tE [to, tm) CnpaBe)J,JillBO YCJIOBHe Mal\CIIMyMa 

H (x0 (t), 1jl0 (t), u/ (t), t) =max H(x0 (t), 'ljl0 (t), u, t) (i=1, 2, ... , n+1), 
ueu 

(5.4) 

r)J,e 'ljl0 (t) (t0~t~tm)- COOTB8TCTBYIOIIl;88 RyCO'IHO-HerrpepbiBHOe pemeHli8 Cli­

CTeMbl (3.1), (5.1), E- Ha)J,rpa<f>HR <f>yHRD;liii (jl. 
3 aM e 'Ian u e. EcJIH /..*<0 (HopMaJibHbiH cJiy'Ian), TO ycJIOBHH (5.2), 

(5 .3) aRBHBaJJeHTHhi TOMy, 'ITO rraH)J,YTCH TaRHe B8RTOpbr /.. 1°, /.. 1 \ ••• , /.. 1 m B 

(5 .1), )J,JIJI KOTOpbiX 

(/.. 1°, ""'/, ... ,f..tm)EDcp(x0 (to) , X0 {t1 ), ... ,X0 (tm)). (5.5) 

IIocJie)J,Hee aaBe)J,oMo crrpaBe)J,JIIIBO, ecJin ncxo)J,HaH aa)J,a'Ia o6Jia)J,aeT CBOHCT­

BOM ycTOH'IHBOCTU (calmness) B CMhiCJie [ 7 ]. B TarwM BH)J,e TeopeMa 3 o6o6-

r:o;aeT COOTB8TCTBYIOIIl;liH peayJibTaT [
7
], B ROTOpOM m=1 (OTCYTCTBYIOT rrpoMe­

myTO'IHhie orpamr'IeHnH) li Bo BRJIIO'IeHnli (5.5) D-rrpOH3BO)J,HaH <f>yrrRD;HH cp 
3aMeHerra 00001Il;8HHbiM rpa)J,H8HTOM B CMbiCJie I\JiapRa. 0TM8TliM, 'ITO IIO)J,OO­

HOe OCJiaOJI8Hli8 T80p8Mhi 3 BbiTeRaeT II3 cyr:o;eCTBa M8TO)J,a I\JiapRa, OCHOBaH­

HOro rra pe)J,yRD;Hli liCXO,lJ;HOH aap;a'III R o6o6r:o;errHOH BhiiiYKJIOH (OIIBhiiiYRJIOH) 

aa)J,a'Ie BoJiblla [ 2 ]. IIocJie)J,HHH p;eTaJihHO HCCJiep;oBarra B [ 2
] MeTop;aMH Bbi­

rryRJioro arraJIH3a. lla rrpHBep;errrroro rrHme p;oRaaaTeJibCTBa TeopeMni 3 JierRo 

ycMOTp8Tb, 'ITO paCCMaTpHBa8MbiH HaMli M8TO)J, arrrrpORCHMaD;liH II03BOJIH8T 

er:o;e OOJiee YCIIJiliTb BRJIIO'I8Hll8 (5.2) (n COOTB8TCTB8HHO (5.5)) 3a C'IeT IIpO­

li3BOJihHOro rrerrycToro cymemur MrromecTBa M(s) B RorrcTpyRn;Hn corrpHmeH­

Horo RoHyca ( 4.1) . 
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,n: o K a a aTe 11 h c T B o Te o p e Y bi 3. PaccMOTpHM nocne,n;oBaTennnocn on-

'I'HMaJib HhiX npol(eCCOB {X~< (t ). a,~" (t) , uik
0 (t), i=1, 2, ... , n+1} (too;;;;to;;;;tm) 

B annpOI:\ClBUipyiO~nX 3a)J;a'!aX (1.4), (2.1) (k=1, 2, ... ) H COOTB8TCTByiO-

~He HM perneHH H 'IJ: ~<0 (t) CHCT8Mbi (3.1), (3.3), (3.4), I~OTOpbie HaH,D;YTCH B 

crm y TeopeMbi 2. Bae,n;eM o6o3na'leHHH 

}.;/=(xk0(ti)-zni )fm" (j=O, 1, ... , m), A~< =(c~<- 1-1~< )/mk. (5.6) 

113 (3.2)- (3.4) CJie,n;yeT, 'ITO .. 
.(5.7) 

llo TeopeMe 1 Bbi)J;8JIIIM H3 nOCJie)J;oBaT8JibHOCTI'I {xk0 (t )} (k = 1, 2, ... ) nO)J;­

nOCJI8)J;OBaT8JibHOCTb, KOTOpaH paBHOMepHO na (to, tm) CXO)J;HTCH l{ o6o6~eHHOH 
onTBMaJI:&no:H TpaeKTOplnr x 0 

( t). He MeHHH o6o3Ha'lennll:, Momno TaKme C'lli­

'I'aTh, 'ITO 'A"i-.A,i (j=O, 1, ... , m), 'A~<-+'A * npH k-+oo. IIepexo.n;z B (5.6), (5.7) 
K npe,n;eJiy, noJiy'IHM B CHJIY onpe,n;eJieHHH conpzmennor o Konyca cooTnorne­

HHH (5.2), (5.3). 
PaccMoTpHM ,n;aJiee cpynKII;liH '¢~<0 ( t) na Kam.n;m.r H3 OTpe3KOB [ t;, ti+ d (j = 

=0, 1, ... , m- 1), C'IHTaz HX nenpep:&rBno npo.n;o:rmennhiMII na KOHIJ;aX. H e-

Tpy.n;no noHa3aTh, liTO nOCJI8)J;OBaT8JibHOCTb {.il<0 (t), \j; ,0 (t) } (k=1, 2, . .. ) CJia-

6o IWMnaHTHa B npocTpancTBe L 2 [t;, ti+ d .n;:ra Ram,J:oro j =O, 1, ... , m-1. 
Pacc MOTpHM a6coJIIOTHO nenpepbiBHYIO n a [t;, t -d cpyHI:\l(IIIO \j; 0 (t) TaKyiO, 

-.:rTo napa {.i0 
( t), '\jl0 

( t)} HBJIHeTCH cJia6biM B L 2 [ t , tH ] npe.J:e.'lo ~r neKoTopoil 

ITO)J;nOCJJe)J;OBaT8JibHOCTH H3 {.i~<0 (t) , '\jll<0(t)} (k = l. 2, ... ) . cD y HIUJ;niO 'ljl0(t) 
MOJimO CllHTaTb KyCO'IHO-nenpepbiBHOii Ha (to, t. ) (pa3pbiBbi B TO'max t=tj, 
j=1, 2, ... , m-1), npH'IeM 'ljl0(t0)=t,0. lj:0(t.,. ) = - .),m, 'ljJ0(t;+0)-'1jJ0(tJ-O)='A1 

(j=1, 2, ... , m-1). BocnoJI:&3ouanrnrrcb Teope ~rofr Ma3y pa o c Jra6oM 3aMhma-

HHB ( 13
) H BhiJ.IyKJIOCTblO MHOiK8CTBa 

n+l n +l 

Q(x,'ljl,t ) ={ (q ~, q 2 ) ER2 n : q1 = ~ a.j(x. zz ;, t), q2 = _E a; oH(x,'ljJ,u;,t) ! ox, 
i= t 

n +• 

a ;~O . u E C. ~a,=1}. 

IIOJIY'IIfM )J;JIH J.IO'ITll BC8X tE (to, tm) BR1IIO'l8HU 8 

(.i0(t), -\jl0(t))EQ(x0(t ), '1jJ0(t), t). (5.8) 

Do TeopeMaM H3MepnMoro B:&r6opa [ 12- u ] na:H,n;eM B CHJIY (5.8) TaKHe l'I3Me­

pnM:&Ie cpyHKII;Hll a}(t), U;
0 (t) (i=f, 2, ... , n+1), KOTOpbl8 BM8CTe C napoiJ: 

{x0 (t), 'ljJ0 (t)} (t0o;;;;to;;;;tm), y)J;OB118TBOpHIOT CBH3HM (1.4), (3.1). ,[(JIH )J;OKa­

aaT8Jib CTBa T80p8Mhl OCTaJIOCb noKa3aTh, 'ITO B)J;OJib nOCTp08HHblX cpyHKII;HH I.IpH 

ITO'ITH BC8X (E ( t 0 , tm) BbiJ.IOJIHH8TCH COOTHOlli8Hlle MaKCHMyMa (5.4). 
He napyrnaa o6~HOCTH, 6y,n;eM C'IHTaT:&, 'ITO BCH nocJie,n;onaTeJihHOCTh 

{x~<0 (t), '¢~<0 (t)} (k=1, 2, ... ) paBHOMepno no tE[t0, tm]\{tt, t 2 , • •• , tm - ,} 
cxop;HTCH R rrpe,n;eJiy {x0 

( t), '¢0 (t)}. PaccMoTpHM 3Ha'!eHHJI cpynKn;nH faMHJih ­

Tona na onTHMam:.nhrx npon;eccax B pacrnHpennr,rx 3a,n;a'IaX ( 1.1), ( 1.3), ( 1.4) 
H (1.4), (2.1) (k=1, 2, ... ): 

n+l 

h0 (t) = _Ea/ (t)H (x0 (t), '¢0 (t), U ;
0 (t), t), 

i = i 

n±l 

h~0 (t) = L CX; P.
0 (t) H (x"0 (t), \j)"0 (t), U;k

0 (t), t). 
i-1 
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BocnoJII>aonanmucb npHIIll;J'lnOM MaKCHMyMa n annpoKCHMHpyro~Hx aa.o;a-
1Jax ( TeopeMa 2), MOatHO p;oKaaaTb, 'ITO p;JIH no'ITH ncex tE [to, tm] crrpane.o;­
JIHBO CJiep;yro~ee COOTHOilleHHe (CXO,!J;HMOCTb no raMHJibTOHHaHy): 

n+l 

h0 (t) =lim hk0 (t) = max ~ a;H (x0 (t), '¢0 (t), U;, t), (5.9) 
k~oo (a.i,Ui) i=i 

11+1 

r.o;e Mai<CHMYM 6epeTCH no nce:\r (a,. ui) Tal\Inf, 'ITO~ a;= 1, a i;;.O, uiEu· 

(i=1, 2, ... , n+1). lfa (5.9) Henocpep;CTBeHHO BbiTeKaeT, 'ITO YCJIOBKe MaK­
CHMyMa (5.4) BbiiTOJIHHeTCH p;JIH no'ITII ncex t H3 MHomecTn Ti={tE 
E[to, tm]: a.,O(t)*O} (i=1, 2, ... ' n+1). 

lfaMeHHM ynpaBJieHHH U;0 (t) (i=1, 2, ... , n-1) TaKHM o6pa30M, 1JT06bJ 
COOTHOIUeHIIe (5.4) BblllOJIHHJIOCb nO'ITH BCIO,!J;Y Ha [ t0 , tm). lJ:JIH 3TOro pac­

CMOTpHM MHOateCTBO M0 (t)={uEU: H(x0 (t), 'ljl0 (t), u, t)=maxH(x0
, (t),. 

VEU 

~j0 ( t), v, t)}, KOTOpoe npH cp;eJiaHHbiX npe.o;noJiomermax 6y,J,eT noJiyHenpephln­
HbiM cnepxy OTHOCHTeJibHO BKJIIO'leHHH no t [ 12

]. ITo Teope~ra~r naMepHMoro Bbi-
6opa Haiip;eM H3MepHMYID <I>YHKD;HID u0(t) EM0 (t) (to~t~tm) n aa~WHIIM ero yn­
panJreHHH U;

0(t) Ha MHomecTnax [t0, tm]\T; (i=1, 2, ... , n+1). << IIo.o;npan­
JieHHbiH» TaKHM o6pa30M ynpaBJIHlO~Hll Ha6op {a,O(t), u/(t), i=f, 2, ... 
. . . , n+1} nopom.o;aeT Te me Tpaer<TOpHH x0 (t), '¢0 (t) B CHJIY CHCTeM (1.4), 
(3.1) II yp;OBJieTBOpHeT YCJIOBHIO Mai{CHMyMa (5.4) npH nO'ITH BCeX tE[to, tm]. 
TeopeMa 3 noJIHOCTbiD p;oKaaaHa. 

AnTopbr 6Jiaro.o;apHT P. fa6acona H <1>. M. l\HpHJIJiony aa noJie3Hore cone­
Tbi H 06Cyatp;eHHH. 
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