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HEKOTOPbi E T EOPEMbl 0 3AMbiKAHIHIX <I>YHKU.Hff 
C nPHJIO)I( EHH51MH K CY6,ll.H<I><I>EPEHU.HAJlbHOMY 

H C 4 H CJI E H H 10 

flOH5ITHe 33Mb! K3HI15I [ 1, 2] (f -peryJI5Ip1133U.I111 [3] ) BbiiTYKJIOH <j}yHK­

_;m Hrpaer B3)KHYJO pOJib B pa3JIHlJHb!X pa3,ll.eJiax BbiiTYKJIOrO aH3JII133 11 

eop1111 .3KerpeMaJibHbiX 3a,ll.alJ. B AaHHOH pa60Te HeeJie,rr,yJOre5I 3aMbi KaHH5I 

YMMbi 11 eyrrepno311I.J.HH npOI13BOJibHbiX <j)yHKI.J.HH, 3a:I,aHHbiX Ha OT,ll.eJI!1MOM 

-onOJIOfHrlJ eeKOM npOCTpaHeTBe, a T3K)Ke <j}yHKU.HH THIIa Ma,KeHMyMa. flo­

~yqeHHble yeJIOBH5I 5IBJI5IJOTe5I Heo6xo,ll.HMhiMH 11 ,ll.OerarolJHhiMH. B eJiyqae 

biiiYKJibiX <j}yHKU.HH OHH npe,ll.CTaBJI5IJOT eo60H yeHJieHI15I 113BeeTHh!X pe­

YJibT3TOB (eM., HanpHMep, [1] ) H n03BOJI5IJOT no.1ylJHTb Heo6xo,ll.HMbie 11 

oeraTOlJHbie yeJioBHH enpaBeAJIHBoerH HeKoropbiX ¢opMyJI ey6AH¢¢epeH-

~HaJibHoro HClJHeJieHH5I . flpHBe,UeHHhie HH)Ke pe3yJibT3Thl OTHOeHTeJibHO 

y 6,rr,H<j}<j}epeHU.I13JIOB BbiiTYKJihiX <j}yHKI.J.HH T3K)Ke yeHJIHB310T eOOTBeTeT­

YJOI.I.J.He H3BeeTHbie pe3yJibT3Thi KaK B 6eeKOHelJHOMepHOM (eM. [2-6] H 

:YieJOW.Hee5I B .3THX pa60T3X eebiJIKH), TaK li B KOHelJHO:vtepHOM eJiyqae ( 1). 
3 eJiyqae 6aHaxoBa npoCTpaHerBa OHH Moryr 6hiTb BbiBe,ll.eHbi 113 6oJiee 

6w.11x yrBep)K,ll.eHHH pa6orbi [7]. Paeey)K,ll.eHHH orHoeHreJibHO 3aMbiKa-

mi1 IIp0113BOJibHhiX <j}yHKU.HH T 3 K)Ke BO YIHOfOM IIO:I,06Hhl C001'BeTeTBYfO­

I.J.I1M paeey)K:I,eHHH:\1 pa60Tbl (7] J..lH Bbiii)"K.lbiX 33:\lb!KaHHH IIO.l0)!(!1Te.lb­

: o OJ.HOpOJ.HbiX <j}yH KUIIH. 

1. flye:b X- or.1e1 L ' Oe Tono.10P!lJecKoe npoeTpaHerBo. fl o.1 ¢ YHK­

.< HH:'I!ll Ha X 6y.1e:-.t noHH.!a b oro6paiKeHHH npoCTpaEcTBa X B pacu m p eH­

.J YJO sew.eerBeHHYJO npH.tyJO [ -:x:. :x: J. C ·ar.;: oi1 : ."H :_neil i Ha X eBH­

KeM ,UBa MHO)KeerBa 

dom f = {x E X : ; fx, < oc,. 

epif={("", x)ER x X : ""~f(x)}, 

\OTOpbie Ha3biBaJOTe5I eOOTBeT,eTBeHHO .3<j}<j}eKTHBHOH 06JiaCTb!O H H3J.rpa­

PHKOM ¢YHKI.J.HH f. <l> yHKI.J.HH e l f, o n pe,ll.eJIHeMa5I paBeHeTBOM 

epi (cl f) = cl (ep i f), 

.Ja3biBaeTe5I 3aMhiKaHHeM <j}yHKU:HH f. 
0603HalJHM qepe3 Qx ( Xo) eOBOKYIIHOeTb Beex o6o6W.eHHb!X IIOeJie,ll.0-

3aTeJibHOCTeH [8] TOlJeK rrpoerpaHeTBa X, exOAHW.HXeH K xo. CnpaBe,ll.JIHBO 

:Jie,rr,yJOw.ee yrBep)K,ll.eHHe. 

JleMMa 1. llycmbx0 Edom(clf), {xa}EQx(x0). Toc8a clf(x0)<"" 8/lfl. A/0-
iou o6o6wpmou npe8eAbHoii e [- oo, oo] mot.txu [ 8] "" nocAe8oeameAbHocmu 
f (xa)}. Cy14ecmeyem mwmfl. nocAe8oeameAbHocmb {xa} E Qx (x0), t.tmo {f (xa)} E 

: Q[-~ . ~J (clf(x0)). llpu BmoM. ecec8a M.O:JICHO ct.tumamb, t.tmo xaEdomf. 
Jl 0 K a 3 aTe Jl beT B 0. flyeTb ""- HeKOTOpa5I 0606I.I.J.eHHa5I npe:I,eJib­

:I a5I TOlJ Ka IIOeJI e,UOBa TeJI b'HOeTH {f (X a)}, eyw.eeTBOBaHHe K01'0pOH BbiTeKa­

~T 113 Ko:-..maKTHOeTH paeumpeHHoi1 BemeerseHHOH npH'MOH. BBBe:I,eM npo­

I3BOJibHYJO exOJ.5IW.YJOe5I K 0 o6o6w.eHHYJO IIOeJie,ll.OBaTeJibHOeTb IIOJI0)!(!1-

r eJibHbiX lJHee.l {ea} , OTBelJaJOW.YJO TOMY )Ke HanpaBJieHHOMY qaeTHlJHO 

ynop>UI.OlJeHHOMY :>!HO)KeeTBy [8], lJTO 11 noeJie,ll.OBareJibHOeTb {xa}. Tor,ll.a, 

:JlJeBH,UHO, "" 5IBJI5IeTC5I o6o6w.eHHOH npe,ll.eJibHOH TOlJKOH noeJie:I,OBaTeJib­

'OCTH {f(xa)+ea}. TaK KaK np11 .3TOM (f(xa)+ea, Xa) E epi f, 1!3 onpe,rr,eJie­

HH5i rpyHKI.J.HH elf eJie,rr,yeT, lJTO f..L;:::=clf(xo). 
C Apyroi1 eropOHbi, TaK KaK (elf (x0), x 0) E cl (epi f), cyw.eeTByeT o6o6w.eH-

_a5I rrocJie,ll.OBaTeJibHOeTb {""a, xa}, ""a ~ f (xa), CXOA5IW.35IC5I K ( cl f (x0), x0). 
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Ho TOr,ll,a {xa} E Qx (x0), H Bee o6o6Ill,eHHbie ITpe,ll,eJihHhie TOlJKI1 ITOCJie,ll,oBaTeJib 

HOCTI1 {f (Xa)} He ITpeBOCXO,ll,HT r\ f (x0). C yqeTOM ITepBOH lJaCTH )J,OKa3aTeJibCTB~ 
ITOJiyqaeM, liTO o6o6Ill,eHHaH ITOCJie)J,OBaTeJibHOCTb {f (Xa)} CXO)J,HTCH K c1 f (x0) . 

TaK KaK cl f (x0) < =, MO)!{HO C411TaTb, I.JTO Xa E dom f. 
3 a M e 4 a •H 11 e. EcJI11 X- ITpocTpaHCTBO c ITepBoii: aKcl1oMoii: ClJeTHO· 

CTH [9] (HaiTp11Mep, MeTpHI.JeCKOe), TO Qx(Xo) MO)!{'HO OITpe,ll,eJII1Tb KaK CO· 

BOKYITHOCTb ITOCJie,ll,OBaTeJibHOCTeH TOlJeK 113 X, CXO,li,HI.I.l,I1XC5I K Xo B 06bilJ· 

HOM CMbiCJie. Y1'Bep)!{,ll,eHI1e .1e:-.ntbi ocTaeTCH B CHJie. 

DycTb x0 E dom ( c1 f). CoBOKYITHOCTb o6o6Ill,eHHbiX ITOCJie,ll,oBaTeJibHOCTef 

{xa} E Qx (x0), TaKI1X, lJTO Xa E dom j. a IToc.le,ll,oBaTeJibHOCTb {f (xa)} CXO,ll,HTC5 

K c1 f (x0), 0603Ha4HM CHI\!BO.lml Qx (i, X0). B CHJIY ,ll,OKasaHHOH Jie.MMbi Qx(f, X0)=# 
=F0-

2. BociTOJib30BaBUIHCb .le:\l.!Oil 1 JI BBe.:teHHbiMH BbiUie o6o3HalJeHHHMH 

MO)!{HO ITOJIYlJH1'b CJie,J.yiOI.I.l,He YTBepnDeH!IH 0 3aMbiKaHH5IX <lJYHKll.HH. 

T e 0 p e M a 1 . n ycmb f (x) = i I X - i 'l (x . X E X; Xo E dom ( c1 f 1) n dom ( cl f 2) 
Tozoa 

- cl t~ (xo)· 

fl pu 3TOM paBeHCTBO U.lteeT .~tee >a OcOa -o. b ·a TOcoa, Kozoa 
Qx (fl> Xo) n Qx (/~. Xo) _:_ iO · 

Teope.ta 2. ll£cnzb ,·_ 
: X-+Y; g: }'_.!- = :x::J: 

o.t?CUlieCI\Oe npocmpaHcmeo, h : 
x EX; x0 E h- 1 (dom (cl g)) 

Tow a 
cl j (x0 ~ cl g (h x0 

fl pu amo,u paBeHCm30 U.lteem .lteCm'J mozoa U m'J.lbK'J mozoa, KOcOa flauoemcfl 
maK.afl nocAeoosameAbHocmb {xa} E Qx (x0), limo {h (xa)} E Qy (g, h (x0)). 

TeopeMa 3. flycmb f(x) =supfp(x), xEX, zoe P-rlelwmopoeHenycmoe 
P€P 

MHOJ/Cecmso; x0 Edom (cl f). Tozoa 
cl f (x0) ;?.:: sup cl f P (x0). 

P€P 

flpu amoM paseHCmBO UMeem Mecmo mozoa U mOAbKO mozoa, KOcOa HQUOemcJ 
maKaH nocAeoosameAbflocmb {xa} E Qx (x0), limo 

{sup f p (xa)} E Q(-oo. ooJ (sup c1 f p (x0)). 
~p ~p 

3. Dpe)!{,ll,e lJeM ITpHMeHH1'b yTBep)!{,ll,eHHH reope~ 1-3 K Bhmo;r.y q>op· 

MYJI ,ll,.lH cy6;r.Hq>q>epeHll.HaJIOB BbiiTYKJibiX <PYHKll.HH, Heo6xo.J.H~o ITpHBecn 

HeKOTOpbie <lJaKTbi 113 BbiiTYKJIOfO aHaJII13a. 

Dyc1'b X- OT,ll,eJII1Moe JIOKaJibHO BhmyK.lOe .luHeimoe 1'0ITOJIOrl1llecKo( 

ITpocrpaHCTBO. BhmyKJia5I <PYHKI1.11H f Ha X Ha3biBaeTCH co6crBeHHoi1, ecJIJ 

dom f=F 0 11 f (x) > -CXJ ,li,JIH Bcex xEX. ,U.lH Ka)!{,lOH TOlJKI1 XoEX, B KOTO· 

pOH <lJyHKI1.11H f KOHelJHa, MO)!{HO BBeCTH 'MHO)!{eCTBO 

of(xo)={x*EX*:f(x)-f(xo)~ x*, X-Xo) . xEX}, 

KOTOpoe Ha3hiBaeTCH cy6,ll,11<lJ<lJepeHI1.11aJI0:\1 <lJJ'HKI1.1111 f B TOlJKe Xo. 3,1J,eCI 

X*- ITpocrpaHCTBO, 1'0ITOJIOrl1lJecKI1 COITPH*eHHoe c X, a CI1MBOJI <x*, x> 
o6o3HaL!ae1' 3HaL!eHI1e JII1Hei1Horo HeiTpepbiBHoro <PYHKI1.110HaJia x* EX* H< 

o.•JieMeHTe xEX. MHO)!{eCTBO Of (xo) BbiiTyK.lO H 3aMKHYTO B CJia6oif * TOITO· 

JJOriUi ITpocrpaHCTBa X*. 
Dpo113BO,ll,HYIO q>yHKI1.1111 f B TOI.JKe x0 (f (Xo) I<=) ITO HaiTpaBJieHI1K 

zEX 6y.IT,el\l 0603HaLiaTb f' (x0 ; z). <l>yHKI1.11H f' (x0 ; ·) H33bJBaeTCH ITp0113BO)J,· 

HOM <lJyHKI1.1111 f B TOLIKe Xo ITO HaiTpaB.leHIJH:\1. 

Dycrb G*-BeiTycroe MHO)!{eCTBO B ITpocrpaHCTBe X*. <l>yHKll.HH 

s(ziG*) =sup < x*, z), zEX, 
x*€G* 

Ha3biBaeTCH oiTopHoi1 <PYHKI1.Hei1 MHO)!{eCTBa G*. 
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JI e M M a 2. II ycmb f - 8btn_(JKJiafl cpyHKlfUfl Ha X, KOHe•mafl 8 mottKe x0 • 

BeAu f' (x0 ; ·)- co6cmeeHHafl cjJyHKtfUfl, mo 

cl f' (x0 ; ·) = s ( ·18f (xo)), 

z8e cl f' (xo; ·)- 3a,ltblK£lHUe c/J_tjHKtfUU f' (Xo; · ). 
JieMMa 2 HBJIHeTCH rrpOCTbl~ C.'le,LI.CTBHeM pe3yJibTaTOB, ,.'I.OKa3 a'HHbiX B 

[2 J. CJie.UyiOmee YTBep;.!<.leHHe ,.'!..1 5! cJiy'l!aH KOHe'l!Ho~ epHoro npoCTpaHcT­
na .noKa3aHo B [I J. HeTpy.lHO y cTaHOBHTb ero crrpaBe,.'l..lHBOCTb H B o6meM 
cJiytiae. 

JI eMMa 3. II ycmb G* - Henycmoe 8btnyKAOe c Aa6o* sa,ltKHymoe MHOJ/Ce­
cm8o 8 X*. x* E X*. ;J,,lJI mozo ttm06bl x* E G*. Heo6xo8UJ1t0 u aocmamottHO r 

ttmo6bt < x*, z ) ~ s (z G*) 8Afl 8cex z EX. 
TiycTh G- HerrycToe BhfiiYKJioe MHO:>KeCTBo B rrpocTpaHCTBe X, x0 E G. MHo­

:>KecTBa C (x0JG) = {z EX: x0 + ez E G, 0 < e < e0 , e0 > 0- HeKoTopoe 4HCJio}, 
N (x0JG) = {.x* EX* : ( x*, x- x0 ) ~ 0, x E G}, KOTOpbie, 04eBHAHO, 51BJIHIOTCH 
KOHyCaMH , Ha3biBaiOTC51 COOTBeTCTBeHHO KOHYCOM B03MO:>KHbiX HarrpaBJieHJ.iH H 
HopMa.'lbHbi~I KOHycoM K MHO:>KeCTBY G B T04Ke x0 • HeTpYAHO ycTaHOBHTb, 4TO 
N (x0JG) 51B.151eTC51 IIOJIHpHbiM (HopM3JlbHbiM) KOHYCOM K KOHycy C (x0JG) B T04Ke 0. 

BBe;.J.eM ¢YHKUHIO 

8 (x JG) = { 
0

• 
oo, 

xEG, 

x~G. 

KOTopaH H33biBaeTcH HHAHKaTopHoi1 cpyHKUHeif MHo:>KecTBa G. JierKo BH· 
.UeTb, 4TO 

N (x0JG) = 88 (x0IG), 

a KoHyc C (xoJ G) rrpe.ncTaBJIHeT co 6oft .9cpcpeKTHBHoe ~Ho:>KecTBO rrpoH3· 
BOAHOH cpyHKUHH 0( · JG) B T04Ke Xo ITO HarrpaBJieHHHM. 

4. CJie.UyiOIUHe TeopeMhi ycTaHaB.1HB3IOT cooTHorneH!Ie ~!e)KJ.Y cy6.J.Ii¢­
¢epem:.r.HaJiaMH BbiiiYK•1biX cpyHKUHil, TI0.1)'"laiOllll!XC5! B pe3)'.1bT3Te HeKOTO­
pb!X orrepaUHH !13 _:tpyrnx BhlrryK.1biX cpyHKUHil. l! C)'OJ.11cpcpepeHU!I3.1a~H 
HCXOAHhlX cpyHKUHH. 

T eo p e ~~a 4. IIycmb f 1 u f2 - maKue Bbtn_(JIUbte cjJyHK!{UU H.a X, KOH.ett · 
H.bte 8 mottK.e x0 , ttmo cjJyH.fi.U,UU ;; (x0 ; · ) u ;; (x0 ; ·) fl8.1fl/OmCfl co6cmeeH.H.btAtu; 
f = [1 + [2 . T ozaa 

(1) 

P,Afl 8bLnO/lH.eH.Ufl pa8eHCmBa 8 ( J) He06X08UMO U 8ocmamottHO BbLnO/lHeH.Ufl _(JC· 
/l08Ufl 

Qx(f;(xo; ·), z)nQx(f;(xo; ·). z)=f=0, zEdom(ci6(x0 ; ·))n 

n dom (cl ,; (xo; . )). (2) 

n 0 K a 3 a T e JI b C T B 0. flepB35! "l3CTb TeOpeMbi 5IBJI51eTC51 04eBHAHblM 
CJi e,lCTBHeM OIIpe.neJieHHH cy6.UHcpcpepeHUH3JI3. ,lJ,oKa)KeM BTOpyiO qacTb. 
TaK KaK 

s (zi8ft (x0)) + s (zJ8f2 (x0)) = s (zi8ft (x0) + 8!2 (x0)), z EX, 

!13 Jie:VL\1 2 H 3 C.1e_:tyeT, 4TO paBeHCTBO B ( 1) 6y.neT HMeTb MeCTO TOfA3 H 
TOJibKO T0f,l3, KOr,la 

cl f' (x0 ; z) = cl f; (x0 ; z) + cl f; (x0 ; z), z EX. 

Terrepb pe3y.1hT3T BbiTeKaeT H3 TeopeMbi 1. 
HeTpy.n:Ho ycTaHoBHTb, "'TO ycJIOBHe (2) 3aBe.noMo BhiiiOJIHeHo, ecJIH 

OAHa H3 cpyHKUHH f1 H {2 HerrpepbiBHa B HeKOTOpOH TO'l!Ke, rrpHHa.UJie:>Ka­
IJJ.eH .9cpcpeKTHBHOH o6JiaCTH .upyroli cpyHKUHH. To'l!HO TaK :>Ke B cJiyqae 
X =Rn ycJIOBHe ri domfl n ri domfz=F.0 BJie4eT (2). TaKHM o6pa30M, 
KaK B 6eCKOHe"lHO:.vtepHOM, TaK If B KOHe'l!HOMepHOM CJiyqae 113 YTBep)K.Ue· 
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HHH TeopeMbl 4, KOTOpoe JierKO MO)!(HO pacnpOCTpaHI1Tb Ha CJiyllaH KOHe'l­

HOro l!I1CJia cpyHKIJ,I1H, B Kal!eCTBe CJie.U.CTBI1H TIOJiyl!aeTCH 113BeCTHaH TeOpe­

Ma Mopo- PoKacpeJIJiapa o cy6.u.11cpcpepeHu,l1aJie cyMMbi cpyHKIJ,I1H [1-6J. 
YI3 TeopeMbl 4 !VIO)!(HO BbiBeCni 11 ,'l.pyrHe TIOJie3Hbie pe3yJibTaTbl. 

C Jl e ,'!. C T B 11 e 4.1. f1yCTb f1 11 f2- BbiTIYKJibie C06CTBeHHbie 3aMKHYTbie 

ITOJIO)!(J-tTe.1bHO O~HOpO.U.Hbie cpyHKIJ,1111 Ha X, f(x) =f1 (x) +'f2 (x), xEX. 
Tor~a of(O) =of, (0) +of2(0). 

C .1 e .J. c T B 11 e 4.2. f1ycTb G, H G2- HenycTbre BbiTIYKJibre Mi-IO)!(eCTBa 

B X, xoEG1nG2. Tor.u.a N(xolGtnG2)::JN(xolGt)+N(xolG2) - f1p11 3TOM pa­

seHCTBo 11MeeT MeCTO TOr.U.a 11 TOJ!bKO TOr.u.a, KOr.U.a 

cl (C (x0!Gt) n C (xo!G2)) = cl C (x0!Gt) n cl C (xoiG2)-

f1ocJie.U.Hee yTsep)!(.lJ.eHI1e .u.oKa3biBaeTcH np11MeHeHI1eM TeopeMbi 4 K 11H­

.L\11KaTopHbiM cpyHKIJ,I1HIM. 

no aHaJIOfl111 c TeopeMOH 4 MO)!(HO .li.OKa3aTb CJie.U.y!Olll.l1e YTBep)!(.lJ.eHH5I. 

T e 0 p e M a 5. [J YCTb y- oroeAUMOe AOIWAbH.O BbtnYKAOe AUH.et1H.oe 
10nOA02U•tecKoe npocrpaH.crao; A - H.enpepbtBHbtii AUH.eiiHbtii oneparop u'J 
X B Y; x0EX; g- raKaH. BbtnyK,WH. rpyHKt.{UH. H.a Y, KOH.et.t.H.aH. B TOt.t.Ke 
Axo, •tro rpyH.Kt.{UH. g'(Axo;·) H.B.lH.eTCH. co6craeHHOii; f(x)=g(Ax), xEX. 
To2aa 

(3) 

2ae A*: Y*-+ X*- Henpepb113Hbl1i .umeiihblu one amop, conpR11CeHHbtt1 K A. Jl.AH. 
8btn0,1/-leH.UH. paBeHCITlBQ 8 (3) Heo6X08U.l9 Oocmam l.f.HO, t.t.mo6bt a/151. ll/06020 
zEA- 1 (dom(clg'(x0: · l)) cyw,ecmBoecua maKaH. CY-.leiJo8ame,1bH.OCmb {zcJE 
E Qx (z), 'itrlJ. {Aza} E Qy(g' (Ax0 ; • ), z). 

C .1 e .J. C T B !I e 5.1. f1yCTb Y- OT~e.1I!:\!Oe .lOKa.lbHO BhlflyK.10e Jii1HeH­

HOe TOITOJIOrl1'-lecKoe npoCTpaHcTso; A: X-+Y- HenpepbiBHbiH .li1HeHHbiH 

onepaTop; g- BbiTIYKJiaH C06CTBeHHaH 3aMKHyTaH TI0.10)!(11Te.lbHO O.J.HOpO.U.· 

HaH cpyHKIJ,HH Ha Y; f (x) = g (Ax), xEX. Tor.u.a 

at (O) = A*ag (O). 

T e 0 p eM a 6. n ycmb f (x) = sup t p (x), p- H.eKomopoe H.enycmoe MH.OJ/Ce-
P€P 

CITlBO, a f P' pEP, - 8btnyK!lbte rpyH.Kupu; rpyH.Kl{UH. f KoH.et.t.H.a 8 mo'iKe Xo; 
P0 = {pEP: f P (x0) = f (x0)}; rpyH.Kl{UU f~ (x0 ; • ), p E P0 , 51.8/lH.JOmcH. co6cm8eH.-
H.btMU. To2aa 

a;m 8cex z EX, 

(4) 

zae 3QAtbtKQH.Ue 6epemcH. 8 C!la6ot1 * monO!l02UU npocmpaHCm8a X*. Jl.AH. 8btnO/l­
H.eH.UH. paee ·CITl8a 8 ( 4) H.eo6xoauMo u aocmamot.t.H.O, 'imD6bt a/lfl /l/06020 z E dom f 
cyw,ec1Tl8o8a!la maKaH. noc!leaoeame!lbH.ocmb {za} E Qx (z), t.t.mo {sup t; (xo; Za)} E 

P€Po 

E Q[-oo. oo) (cl f' (xo; z)). llpu &mOM a/151. t<Cex z EX 6yaem UMemb Mecmo pa-
8eH.cmeo 

Summary 

The closures of functions defined on the Hausdorff topological space are under inves­
tigation. The relationship is established between the closures of :1 sum, a superpositi0n or 
functions, a function of the maximum type and the closures of the initial functions .. The 
re:.ults are applied to deducing formulas for the subdifferentials of various convex functwns. 
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flPE,Il.BbtnYKJibiE MHO)I(ECTBA 
B JlHHEIIIHbiX HOPMHPOBAHHbiX flPOCTPAHCTBAX 

B pa3JJJilfHbiX o6JiacTHX MaTe:vtaTiiKH Haxo.JHT umpoKoe npHMeHeHHe 

TIOH5ITHe BbiTIYKJIOfO MHOMeCTBa, B l!aCTHOCTll 5TO TIOHHTHe HCTI0,1b3yeTC5I BO 

MHOfHX TeopeMaX MHOfOMepHOfO :\IaTe.laTHlfeCKO<O aHa.lH3a, CBH3aHHbiX C 

f JIOOaJibHbiMH OUeHKa:'v!H OT06pa:tKeHHii. 0.1H2S:O BhiTiyK.lOCTb :\1HOMeCTBa­

,LJ,OB0.1bHO lKecrKoe orpaHHl!eHne r: xorH 6hl c _e.-biO pacumpemm o6JiacrH 

npH:vt eHIL IOCTH pH.la reope.t .mo::-o :epHo-o aHa.l:!3a :tKe.laTe.lbHO H:vieTb 

xapar;rep!!CTIIKY :\IHO:tKeCTBa .• IeEee c-ecwne.-bHYIO no cpaBHeHHIO C Bbl­

nyKJIOCTbiO H 6o.1ee orpaHi-l"'lil-e.-bH. 10 no c aBHeHI!IO c o6.laCTb!O. T aKoi-i. 

xapaKTepi!CT!!KOil :.w:tKeT 6bl:b rroa5Iue npe.lBhlrryK.loro :\IHO)!{eCTBa [3] . 
B HacroHmeii 3a:\!erKe H3yl!aiOTCH HeKoropbie cBol!crBa npe.J.BbiTI)'K.1biX 

MHOMeCTB. 

TiycTb E- .lHHei-i.Hoe HOpMHpoBaHHoe npocrpaHCTBO Ha.J. HeKOTOpbiM 

l!H C.'!OBbni no.le:\1, G- o,a.HocBH3HOe MHOMecTBO H3 E, npHl!eM 'KaM,LJ,aH rol!­

Ka xEG ;J.OCTHMHMa H3 G [1]. l(x, y) - ·HHMHHH rpaHb ,LJ,JIHH Bcex IKYCOl!HO­

r Jia,LJ,KHX KpHBbiX, npHHa,LJ,JieMaiUHX G 11 coe,LJ,HHHIOIUHX TOl!KH x, yE G. 
0 n p e ,LJ, e JI e H He 1. 0,LJ,HO'CBH3"HOe MHOMecrBo GeE Ha30BeM npe,ll,Bbi- " 

nyKJibll\1, eCJIH Cyll.leCTByeT TIOCT05IHHaH C, TaKaH, '-!TO ,ll,JIH Jl!OOb!X ,LJ,BYX 

TOl!eK x, yE G 
1~c<oo. (1) 

HHMHIOIO rpaHb Bcex nocTOHHHBIX c, YAOBJieTBopHIOIUHX ycJioBHIO ( 1), Ha-

30BeM K03cpcpHUHeHTOM npe,ll,BbiiiYKJIOCTH. 5JCHO, '-!TO eCJIIi K03cpcpHUHeHT 

npe!!,BbiTIYKJIOCTH c = 1, ro •MHOMeCTBO G BbinyKJIO. 

JJerKo BH,LJ,eTb, '-!TO cpyHKUHOHaJI l 3a,LJ,aeT MerpHKY Ha G. 3ra MeTpHKa 

paBHO:vtep Ho 3KBHBaJieHTHa MeTpHKe, nopoM,LJ,aeMoi-i. HOpMoi-i. B E, TaK KaK 

HMeeT :-v1ecro HepaBeHcTBo llx-yll:::;;l(x, y) :::;;;cllx-yll. 0TCIO.la raKMe cJie­

,LJ,yeT, '-!TO ecJI H G npe,ll,BbiTIYIKJIO, ro HHAYUHpoBaHHaH ronoJiorHH B G coBna­

.D,aeT C TOTI0.10rHeH , nopOMll,eHHOH MeTp!iKOH l. 
Teo p e :\I a l. EcAu G- saMKHyroe ooHOCBJ/.3Hoe MHo~ecreo, ro 

sup l (x, y) .../" 

II 
"=:::::: sup 

x,!'Ea x- Y II x."YcaG 
eoe aG- cpaHUf1a G. 

l (x, y) 

1/x,-yll 
(2) 

n 0 K a 3 aTe Jl b c T B 0. Bo3bMeM ,LJ,Be npoH3BOJlbHbie TOl!KH X, y E G, H3 KO-

TOpblX xorH Obi O,LJ,Ha He npHHa,LJ,JieMHT rpaHHUe G. 06o3Ha'-!HM qepe3 x H y 
TOLJKH, n pHHa,LJ,JieMarn.He rpaHHUe G H JieMaiii.He Ha orpe3Ke xy ( x + ( 1- t) y, 

:.;_ Bec1.1i AH BCCP N2 4 (cjli3.-MaT.) 3.3 


