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Jifl.K 519.3 

I. B 3 aMeTJ<t' pa3BHBaeTCH MeTO,ll, ,ll,OKa3aTeJibCTBa Heo6x o,ll,HMbiX ycJIOBHii 

OITTI1M3JlbHOCTI1 B 33,ll,3'-l3X OITTllM3JlbHOfO ynpasJi eHllH C cpa30Bb!MI1 (B006lll,e 

fOBOpH, HecpyHKll,llOHaJibHb!Mll) orpaHll'-leHllHMll, npe,ll,JIO)Ke HHblH rrepBbll\1 11 3 

aBTopos B ( 1) ,ll,JIH 3a,ll,a'-!H onTHMaJibHoro 6LICTpo,ll,e fiCTBIIH. C y Tb M eTO,ll,a 

c ocTOHT B KOHCTPYKTHBHOH annpoKCHMall,HH HCXO,ll,HOH 3a,ll,a'-IH c cpa30BbiMH 

orpdmltJeHHHMH IIOCJie,ll,OBaTeJibHOCTb!O 33,ll,3'-l OITTllM3JlbHOrO ynp z B,leHHH 6 e·3 

OrpaHIFieHllH Ha nepeMeHHb!e COCTOHHHH, KOTOpbre OTHOCHTCH K K.Tacc y H('­

cTaJ:I,ll,3pT1IblX 3a,ll,a'-l onTHMH3 au,r:H nma MaH:epa. B apHall,HOHHbr l r aHami 3 an ­

npOKCHMllpyiOI.ll,HX 33,ll,3'-l MO)KeT 6biTb OCyl.ll,eCTBJieH C TIOMOI.ll,blO l!llCTO 3 j l ­

re6paH'-!eCKOH MeTO,ll,llKH, CBH33HHOH C cpOpMyJiaMll rrpHpalll,eHHH cpyHKll,llO­

HaJia (2) H He l1C ITOJTb3YIOI.ll,e H T eope M OT,li,eJIHMOCTll BhiTIYKJibiX MHO)KeCTB . 

Heo6xO,ll,HMbie ycJIOBHH onTHMaJibHOCTll B 3a,ll,a'-!ax c orpaHI-I'-!eHHHMH noJiy­

'ialOTCH TIO ,ll,3HHOH CXeMe B p e3yJi bT3Te npe,ll,eJ!bHOrO nepeXO,ll,a OT annpOKCH­

M llpyiOI.ll,llX 3a,ll,a'-l. Ha TaKOM nyTH B 3aMeTKe noJiy q eHbi Heo6x o,ll,IIMbie ycJio­

B IIH OITrHM3Jlbl!OCTH B cpOpMe rrpHHll,HTi a M3CKHMyMa (3 ) ,ll,JIH o6o6I.ll,e HHbiX 

peWellH~t 3a,ll,a'IH TepMH H3JlbHOfO yrrp a B.l e HHH C n p O:.!e)l<yTO'-!Hb!Mll Hecpy HK­

ll,liOHaJibHblMH OrpaiHJLJE'i-lHHMH. npll 3TO:\! )'C.'I OB IIH Ha COITpH)KCHHble nepe­

?vt e HHble 3 3ITilCblB3lOTCH '-!epe3 RBe,ll,eHl!Oe B ( 1) TIO HHT!Ie COTipH}KeHHOf O KO­

:y~· ca ,ll,Jl5! npOH3BOJI!ollblX 83MKHYTbi X MHO)KeCTB KOHe 4 HO:\IepHOrO rrp oCTpaH­

CTBa, KOTOpOe o6o6ru.aeT 06bl4Ifble TIOHHTHH HOpM3 JJ I1 !! HOp:.ta.lbHO I"O KOHyca 

.il.Jl ll 1.'1 3i]. I\HX II EbinYKJJblX MHOroo6pa 3 11H. 

2. Paccl\IOTpHM cJJe,ll,yJow.yiO 3a,ll,aqy TepMHHaJi bHOro ynpas.Te HHH B KJJa c ­

c e 1!3~Iep1Dib! X ynpaBJieHHll u( f) H a6COJ!lOTHO Herrpepb!BHblX TpaeKTOpHii 

X (f) C KOHe'-!Hbl M '-!11CJIOM TI pOMe)KyTOLlJ-Ibi X cpa30BblX Orpa Hll'-leHHfl : 

;=f(x, u, t) , xER11
, u(f)EU(t)cQ, l ET -= [t0 , tm], (1) 

(X(t
0
), . . • , x(fm))EGcR<m-l)n , (2) 

I = cp (x (tm))--+ inf, (3) 

rn:e oTpe30K Bpei\IeHH T ,ll,JJH npocTOTbi C4HTa e :\I cp HKC riposaHHbiM. OrpaHHLJC­

HHH Ha nepeMeHHbie COCTOHHHH (2) 33,ll,310TC5! C ITO:\IOUJ,blO np0113BOJ!bHO CO 

3ai\!KI-IyToro MHO*eCTBa G, KOTOpoe, B 43CTHOCTII, i\IO)KeT I!MeTb BH;l . 

{zER(m+i)n :qi(z):::;;;;O, i=l, ... , q, hj{z)=O, j=l, ... , p}, r,ll,e gi(z)- rrpow:- ­

BO,lbHbie TIOJiyHenpepbiBHbie CHH3y, a hj{z) - ITp0113BOJlbHbie Herrpepb!BHbl C 

cj;yHKll,Hll. 
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B .uaJibHei1rneM 6y,n:eM npe.uno.'laraTh BhiTIOJIHemre cJre,n:yiOill,HX ycJIOBH~I: 
a) MHO:tKeCTBO ,UOTIYCH!Mb!X TpaeKTOpHfi x(t), JI.JIH KOTOpb!X cp(x(tm))~~ 

Henvc·Io n orpaHHLieHO B npoCTpaHCTBe C(T) np11 HeKoTopoM ~ER (.uoCTa­

TOYHbie yc.'IOBHH .UJIH ::noro npnBe,J,eHhi, HanprrMep, B (~)); 
()) npoCTpaHCTBO Q rO~IeO:-!OpcjlHO nOJIHOMy cenapa6eJibHOMY MeTpHqe­

CKOMY npoCTpaHCTB)', a ).ffJ01KeCTBO fTu={(u, t)EQXT: uEU(t)} HBJIHeTCH 

aHaJIHTHlJeCKHM (mod 0); 
B) ¢YHKIJ,HH cp(x) HenpephiBHO .urr¢¢epeHI.I,npyeMa Ha Rn; 

r) <fJYHKI.I,HH f (x, U, f) H ~ (x, U, f) HerrpepbiBHbl no X H B- H3MepHMbi ax 
(mod 0) no (u, t), rrpnl!eM JL (x, u, t) orpaanqeaa cyMMnpyeMOH ¢YHKIJ,Heli ax 
').. (t) ,n:JIH Bcex (u, t) E ff' u n Bcex x ns JII06oro orpaHHYeaaoro MHO:tKecTBa 

X eRn; 

.u) MHO:tKecTBO R (x, t) = {r = (r1, r2): r 1 = f (x, u, at t), r 2 = -. - (x, u, t), ax 
u E U (t)} saMKHYTO B rrpocTpaHCTBe R(n+I >n. 

06o6meHHhlivi pernearreM sa,n:aqn (I)- (3) HasoBe~I OTITHMaJibHhiH aa6op 

{x* (t), a[ (t), u[ (t), i = I, ... , n + I} B pacwnpeHHOH no faMKpeJin,n:se (5
) 

sa,n:aqe MHHHMH3aiJ,HH <fJYHKIJ,HOHaJia (3) npH orpaHI!lleHHHX (2) H CJie,n:yiOill,HX 

«OBbiTIYKJieHHb!X» }I,H<fJ<PepeHIJ,HaJibHbiX CBH3HX: 

. n+I n+l 
X=~ aJ(x, ui, t), adi) ~O, ~ a 1 (t)=Lu1 t)EU(t),tET,i=I, ... ,n+I. 

l=l i=l 
(4) 

3. 0603Hal!IDI qepe3 c* .!I!Hit:.!a.lbHOe 3Hal!eHHe <fJYHKIJ,HOHa.la (3) B pac­

ll!HpeHHOii 33.'1,3lJe (2)- (.f), n:o:opoe COBTia,J,aeT C i\IHHH~Ia.'lbHhDl SHal!eHHeM 
<j:>yHKUHOlla,la !'l IICXO,J!IOfr 3a,J,aqe (I)-- (3) .UJIH wnpoKoro KJiacca KoppeKT­

HhiX no pacwupeHHIO sa,n:aq ( 6). PaccMOTpHM npoH3BOJihHYIO YHCJIOBYIO no­

cJie,noBaTe.'lbHOCTh {c~<}, y.n:oBJieTBopHIOill,yiO ycJIOBHHM.: Ck~c*, ck<c*, k= 1. 
2, ... . Tai<YIO nocJie)l.OBaH:JlbHOCTb MO:tKHO .9<fJ<fJeKTHBHO TIOCTpOHTb C IIOMOill,biQ 

M!CKpeTIIb!X (KOHelJHO-pn3HOCTHbiX) arrrrpOKCHMaiJ,HH KOppeKTHbiX no paCWH­

peHH!O sa,naq (1)- (3) (.UJI51 no,n:o6HhiX 3a,n:aq B (7) ,UOKa3aHa CXO,UHMOCTb 

.UHCKpeTHbiX annpOKCHMaiJ,HH ITO <fJyHKIJ,HOHaJiy). 
L(JIH Ka:tK,UOrO HaTypaJibHOfO k pacCMOTpHM <fJYHKI.I,HIO (jlk (x) =max {cp (x)­

- Ck, 0} H BBe,UeM arrrrpOKCHMHpyiOlli,HH <fJYHKI.I,HOHaJI: 

X [i: (x (ti)- yi)' (x (ti)- yi) + cp~< (x (t~) rz ~ inf, (6)1 
j=O 

r.n.e yjERn, j=O, ... , m, y=(y0, ... , ym), 3HaK (') 03HaqaeT TpaHCIIOHHpOBaHHE'. 

PaccMoTpH~I sa,.1.aqy :'IIHHW\msaiJ,HH ¢YHKIJ,HOHaJia (5) Ha MHO:tKeCTBe Ha6o­

poB {x(t), a;(t), u;(t), i= 1, ... , n+ 1}, y,n:oBJieTBOp.HIOill,HX .un¢¢epeHIJ,HaJib· 

Hb!M CBH3Hi\l H orp a HHlJeHHHl\1 ( 4) . ArrrrpOKCHMHpyiOill,a.H 3a,Ua qa ( 4), ( 5) rrpH 

KCilK.UOM k =I, 2, ... npe,ncTaBJIHeT co6oi1 sa,n:aqy MHHHMH3aiJ,HH aerJia,n:Koro 

¢YHKli,HOi!a.la Tllna Maitepa OT KOHel!Horo l!HCJia KpaeBbiX II rrpoMe:tKyTOl!HhiX 

cocTOHHHl'r 6es .rr.onoJIHHTeJibHhiX orpaHHl!eHHH Ha ¢asoBhie nepeMeHHbie. CJie­

,nyiOill,a.H .TieMMa yTOl!HHeT xapaKTep arrnpoKCHMaiJ,HH sa,n:aqaMH ( 4), (5) nc­

xo,n:Hoi1 sa,n:aqrr c ¢asoBbiMH orpaHHl!eHH.HMH. 

1065-



JI eMMa 1. flycmb 8btn0/lHfl/OmCfl npeono/lO)!CeHUfl a)- o). Tozaa 0/lfl /l/0-
6ou nocAeoo8ameAbHocmu onmul,taAbHbtX 8 3aoaLLax (4), (5) mpaeKmopuu 
{xt (f)}, t0 ~ t ~ tm, k = I, 2, ... , cnpa8eOAU8bt coomHoUteHUfl 

lim cp (xt(im)) = c*, lim p (zt, G) = 0, 
k_.. 00 k-+ lXI 

zoe z: =ex: Cto), 0 0 0' x: (tm)), p (z*, G)-paccmoflHUe om z* ao G. flpu BmOM 
8ce npeoeAbHbte 8 C [t

0
, tml moLLKU nocAeoo8ameAbHocmu {xf (t)}, k= I, 2, ... 

• . . , fl8/lfltomcfl onmuMa/lbHbtMU mpaeKmopuflMU pacUtupeHHou 3aoaLLu (2 )-( 4). 
l13 JJe:>D1bi l Bb!TeKaeT, qTO npouecc nocTpoeHHH 11 peweHI15! annpoKcHMI!­

pyiOLUI!X ga.rr.aq (4), (5) MO)KHO paccMaTpHBaTb KaK KOHCTPYKTI1BHhiH aJJro­

pHni fiPI : 6.111/KeUHOf0 peweHHH paCWHpeHHOH (a B CJJy'lae KOppeKTHOCTI1 110 

paCUlllpeHHIO II 11CXO.IT.HOH) . 33.II.aqJ1 C np0113BOJ1bHblMH orpaHI1l(eHI15!Mlf 

THna (2). 
4. 06o3Ha411~1 qepe3 mil. M11HI1M3J1bHOe 3HaqeHHe ¢YHKll.I10HaJ1a B 3a.rr.aqe 

( 4), ( 5), KOTOpoe .II.OCTHraeTC5! B CI1J1Y 06lll.HX TeOpeM Cylll.eCTBOBaHH5! ODTH­

:\l3.1bHiJTX ynpaBJJeHI1H ( 4). J1erKO B11.II.eTb (B CHJJY Bbi6opa DOCJle.IT.OBaTeJlbHO­

CTII {ck} ). qTo mk>O, k= I, 2,.... Bse.rr.eM ¢YHKI1.HIO faMHJ1bTOH3. 

H(x, \):, U, f) =\jl'f(x, U, f) .IT.J15! CI1CTeMbl (1) H paCCMOTp11M COOTBeTCTBYIOlll.e~ 
t 4) ypasHeHHe .II.•lH conpmKeHHbiX nepe:\1eHHbiX 

• n+I oH 
\jJ = - ~ ai -- (x, '\j), ui, t). 

ax 
i=l 

(6) 

HeoGxo.rr.HMhie ycJIOBI15! onTI1MaJ1bHOCTI1 .II.J15! annpoKcn:-.mpyiOlll.I1X 3a.rr.aq ( 4), 
( 5) co.rr.ep)KaTcH B cJJe.rr.yiOlll.el'i: JJeMMe. 

JI eMMa 2. flycmb 8btnoAHflJOmcfl npeonoAo:JICeHufl 6)- z). Tozoa AJ06ou 
onmuMa/lbHbtu 8 3aoaLLe (4), (5) Ha6op {xf (t), ai~ (t), uit (t)}, k = I, 2 .... , 
O/lfl n. 8. t E Tilt = {t E T: ai~ = 0} yoo8Aem8opflem ycAo8wo MaKcuMyMa 

H (xf (t), '\jJf (t), uj (t), t) = 

= sup H (xt (t), '¢% (t), u, t), i = I, ... , n + I, (7) 
UEU (t) 

zoe '¢% (t)- coom8emcm8yJOU!ee KycoLLHo-HenpepbtBHoe peUleHUe cucmeMbt (6) 
C l zpaHULLHbt.MU ycA08UflMU 

(t ) 
xk* (to) - yko xk* (in,) - ykm 'ilt 0 = ___:::.._ __ ....:.:_ '¢* (t ) = - ' 

mk ' k m mk 

cpk (xt Ctm)) ocp (xt (tm)) 

mk ax 
(8) 

u ycAo8UflMU cKaLLK08 8 moLLKax pa3pbt8a t i• j = I, ... , m- I: 

'¢%(fi+O)-'¢t(ti-0)= x;(~-y~, 
k 

(9) 

Yk = (yg , ... , Y'l:) - AJ06ou 8eKmop u3 MHO:JICecm8a 

m 

Mh = {YR. E G : ~ (x'; (ti)- yk)' (xf (ii)- yk) = m~- cp~ (x; (tm))} . 
L::..r~ j=1 

J1eMM3 2 5!BJ15leTC5! o606lll.eH11eM np11Hll.I1Da MaKCHMyMa f10HTp5!iHHa Ha 

33.Il.3'111 MHHHM1133ll.l111 HefJ13.Il.KI1X (T11D3 (5)) <iJYHKll.I10H3J10B OT npoMe)Ky­

TOl(HbiX COCT05!HI1H. Ee .II.OKa3aTeJ1bCTBO OCHOB3HO Ha cneUH3J1bHO DOJJyqeH­

HOH cpopMyJJe np11pameHH5! <!JyHKI1.110HaJ1a THna ( 5) ( o606lll.3IOlll.eH COOTBeT­

CTBYiOlll.YIO ¢opMyJJy npHpameHI15! .IT.JJH npocTel'i:wel'i: 3a.rr.aq11 TepM11H3J1bHoro 

ynpaBJJeHH5! ( 2)), 11CDOJ1b30B3HI111 TeXHI1KH «HfOJ1bl(3TblX» Ba p113ll.I1H (3) 11 

HeKOTOphlX CBOHCTB ~HOf03Ha'lHbiX OT06pa)KeHJ·Ilf (1). 
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5. }J,JJ5! cpopMyJJHpOmai OCifOBHOfO pe3)'JibT3T3 BOCI!OJ!b3)'eMC5I IlOIIHTHeM 

corrpH)KCHHoro Konyca Ka (e) K 33MKH)'TOMY MHO)KecTBy G KOHelJIIOMeprwro 

npocTpaHcTBa B TOl.JKe eE G (I). ,U.TJH Jllo6oi1: TOl.JKH s paccMoTpiiM MHO­

.i!<:eCTI:!a 

M (s) = {y E G: p (s, y) = p (s, G)}, P (s) = {p: P= y (s- y), yEM(s), y>O}. 

Collp5!)KeJ!HbiM KOHyco~r Ka (e) K MEO)KeCTBY G B TO liKe eE G na3hiBaeTcH 

33MKIIJ'Tbll1 KOHy;:: BH;:I,3 

(IO) Ka (e) = n U P (s), 
o>O Jls-el j.;;;o 

KOTOpbrlr HB.TJHeTcH rroJJyHerrpepbiBHOH cBepxy (B CMhiCJie KypaTOBCKoro) 

o60JJ01.JKOH KOHyca p (s). }J,JIH CJIY1.J35I fJ13.ll.KHX 11 BblllYKJibiX MHOroo6pa3KH 

!10H51THe CO!lpH)KeHHOrO KOHyca ( 1 0) COBI13.ll.3eT C 06bl'IHb!M !10HHTI1eM HOp­

M3Jill II HOpMa.nhHOfO KOHyca B CMblCJie BblllYKJIOfO aHamrsa. HopMaJibHbiH 

KOHYC B CMb!CJie I\JiapKa (8) 51B.151eTC51 BhlllYKJiblM 33Mb!K3HHeM KOHyca 

1\c (e). H eo6xo;~.tnwe ycJIOBHH OITT!n1a.lbHOCTH rrepBoro rropH,LI.Ka B KJiacc2 

0606IUeHIILIX peweHIIH 33_131.J!l ( 1) - (3) OllliCbiB3IOTC51 TeopeMOH. 

T e 0 p eM a. Dyctnb BbtnOAH.fl!OmCJ/. npeonoAOJ/CeH.UJ/. a)- o). Tozoa 8 3aoa~e 
(1)- (3) cyU{ecmeyem o6o6U{eH.H.oe onmu~ltaAbH.oe pew.eH.ue {x* (t), a[ (t), u[ (t), 
i =I, ... , n+ 1}, K.omopoe oAf/. n. B. iET yooeAemeopHem ycAoewo MaK.cu­
MyMa 

H (x* (t), '¢* (t), u;* (t), t) =sup H (x* (t), '¢* (t), u, t), i = I, ... , n + I, 
U€U(t) 

zoe '¢* (t)- coomeemcmeyFoU{aH K.yco~H.o-H.enpepbtBH.aJ/. mpaeK.mopuH cucme.Mbt (6) 
CO CAeoyFOU{UMU cpaH.U~H.blMU ycAOBUJ/.Mll U YCAOBUJ/.MU CK.a~/\.08: 

'¢* (t0) = [O, '¢* (t i + 0)- '¢* (t i- 0) = li, j = I, ... , m- I, '¢* (tm) = 

= --lm- u ocp (x* (tm)) (II) 
I OX , 

m 

l=(LO, ... , ztn)EKa(x*(i0), ••• , x*(tm)), 11>0, ~ li1?-!12 =1. (I2) 

}J,oKa3aTeJibCTBO TeopeMbl OCHOB3HO Ha rrpe.rr.eJibHO~I rrepexo.rr.e B Heo6-

XO,il.ID!b!X yc.TJUJ3HHX OflTI1lv.3JibHOCTI1 (7)- (9) .ll.JIH arrrrpOKCH:'I:Hp)'IOI..UHX 33.ll.3 1.J 

c 11Crr0.1h30BaHJ1ei\r JieMMhi I 11 TeopeMbi Masypa o cJia6o~r rrpe.rr.e.1e ( 4). ITo­

JJyl.JeHHaH TeopeMa o6o6maeT rrpHHul1rr M3KCI1MyMa ITonTpHrHHa .II.JIH rJia.rr.­

KI1X orpaHHl.JeHHH TH!la (2) 11 He.II.aBHHH pesyJibT3T I\.TJapKa (9), B KOTOpOi\1 

m= 1 (oTcyTCTByiOT cpa30Bhie orpaHI1lleHHH) H KOHyc Ka B (12) 3aMeHeH 

CBOI1M BhiilYKJibiM saMbiKaHI1eM. OnvreTHM, liTO MeTO.ll. I\JiapKa ocHOBaH Ha 

CBe.II.eHH11 HCXO.ll.HOH 33.ll.3lll1 K o6o6meHHOH BhlllYKJIOH 33.ll.3'le DOJibU3, KOTO­

jJ35I HCcJie.rr.oBaHa B ( 10 ) MeTo.rr.aMH BhlllYKJioro anaJIH3a. OnrenrM TaK)Ke, 

lJTO paCC\I3Tp11B3eMblH H3MH 3!1I1pOKCHM3THBHblll :\IeTO.ll. !103BOJI5IeT eme 

6oJiee ycHJII1Th ycJIOBHH ( 11), ( I2) sa Cl.JeT rrpoH3BOJihHoro HerrycToro cy)Ke­

HHH MI-JO)KeCTBa M (s) B KOHCTPYKliHI1 corrpH)KeHHoro Konyca. 
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